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ABSTRACT 
Vibrations of flexible structures have been an important engineering study owing to its 
both deprecating and complimentary traits. These flexible structures are generally 
modeled as strings, bars, shafts and beams (one dimensional), membranes and plate (two 
dimensional) or shell (three dimensional). Structures in many engineering applications, 
such as building floors, aircraft wings, automobile hoods or pressure vessel end-caps, can 
be modeled as plates. Undesirable vibrations of any of these engineering structures can 
lead to catastrophic results. It is important to know the fundamental frequencies of these 
structures in response to simple or complex excitations or boundary conditions. 
 After their discovery in 1880, piezoelectric materials have made their mark in 
various engineering applications. In aerospace, bioengineering sciences, Micro Electro 
Mechanical Systems (MEMS) and NEMS to name a few, piezoelectric materials are used 
extensively as sensors and actuators. These piezoelectric materials, when used as sensors 
or actuators can help in both generating a particular vibration behavior and controlling 
undesirable vibrations. Because of their complex behavior, it is necessary to model them 
when they are attached to host structures. The addition of piezoelectric materials to the 
host structure introduces extra stiffness and changes the fundamental frequency. 
The present study starts with modeling and deriving natural frequencies for 
various boundary conditions for circular membranes. Free and forced vibration analyses 
along with their solutions are discussed and simulated. After studying vibration of 
membranes, vibration of thin plates is discussed using both analytical and approximate 
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methods. The method of Boundary Characteristic Orthogonal Polynomials (BCOP) is 
presented which helps greatly in simplifying computational analysis. First of all it 
eliminates the need of using trigonometric and Bessel functions as admissible functions 
for the Raleigh Ritz analysis and the Assumed Mode Method. It produces diagonal or 
identity mass matrices that help tremendously in reducing the computational effort. The 
BCOPs can be used for variety of geometries including rectangular, triangular, circular 
and elliptical plates. The boundary conditions of the problems are taken care of by a 
simple change in the first approximating function. Using these polynomials as admissible 
functions, frequency parameters for circular and annular plates are found to be accurate 
up to fourth decimal point. 
 A simplified model for piezoelectric actuators is then derived considering the 
isotropic properties related to displacement and orthotropic properties of the electric field. 
The equations of motion for plate with patch are derived using equilibrium (Newtonian) 
approach as well as extended Hamilton’s principle. The solution of equations of motion is 
given using BCOPs and fundamental frequencies are then found. In the final chapter, the 
experimental verification of the plate vibration frequencies is performed with 
electromagnetic inertial actuator and piezoelectric actuator using both circular and 
annular plates. The thesis is concluded with a summary of work and discussion about 
possible future work. 
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CHAPTER ONE: INTRODUCTION AND OVERVIEW 
1.1 Introduction 
Vibration by definition is referred to as a periodic motion of a body or system of interest when it 
passes through the equilibrium point each cycle. Alternatively, it is also defined as a 
phenomenon that involves alternating interchange of kinetic and potential energies. This requires 
system to have a compliance component that has the capacity to store the potential energy 
(spring for example) and component that has capacity to store the kinetic energy (mass or 
inertia). The study of vibration is an important engineering aspect because of both useful and 
deprecating effects of vibration of machine elements and structures. In many engineering 
applications, vibratory motion is required as in the case of hoppers, compactors, clocks, pile 
drivers, vibratory conveyers, material sorting systems, vibratory finishing process and many 
more. On the other hand, undesirable vibrations result in premature failure of many components 
such as blades in turbines and aircraft wings. Vibration also causes a high rate of wear in 
machine elements, as well as annoys human operators due to noise. Failures of bridges, buildings 
and dams are commonly attributed to vibration caused by earthquakes or with vibrations caused 
by wind loads. This explains the necessity to understand vibration behavior of various systems 
and eliminate or otherwise reduce vibrations by change in design or by designing suitable control 
mechanisms. 
1.2 Brief History of Vibration Analysis 
The study of vibration is believed to emerge from scientific analysis of music. Music was 
developed by 4000 BC in India, China, Japan and Egypt. Egyptian tombs in 3000 BC show the 
drawings of string instruments on the walls. Pythagoras, a great philosopher investigated 
 2 
 
scientific basis of musical sounds for the first time (582-507 BC). He conducted experiments on 
vibrating strings and observed that the pitch of the note was dependent on the tension and length 
of the string, though the relation between frequency of string and tension was not known at that 
time. Daedalus is considered to be the inventor of a simple pendulum in middle of second 
millennium BC. Application of pendulum as a timing device was made by Aristophanes (450-
388 BC). By the 17th century AD, the mathematical foundations and mechanics were already 
developed. Galileo (1564-1642) pioneered the experimental mechanics with pendulum and string 
vibration experiments. The relation between pitch and tension was studied extensively by Robert 
Hooke (1635-1703). The phenomenon of mode shapes was observed independently by Sauveur 
in France and John Willis in England. But it was because of mathematicians like Newton, 
D’Alembert, and Lagrange, who introduced various mathematical formulas and analysis 
techniques that sped up the analytical studies of vibration problems. Claude Louis Marie Henri 
Navier (1785-1836) presented theory for bending of plates, along with continuum theory of 
elasticity. In 1882, Cauchy presented mathematical formulation for continuum mechanics. 
William Hamilton extended Lagrange’s principle and proposed a powerful method to derive 
equations of motion of continuous systems, so called Hamilton’s Principle. This led extensive 
analytical and experimental studies of continuous systems. Beam modeling was pioneered by 
Euler and Bernoulli, membrane equations were first derived by Euler considering uniform 
tension case. The correct rectangular membrane equations were derived by Poisson in 1838. The 
complete solution considering axisymmetric and non-axisymmetric vibrations was given by 
Pagani in 1829. After famous Chladni experiment in 1802, an attempt was made to derive the 
equations of motion for plates. The plate vibrations were correctly explained by Navier. Poisson 
extended Navier’s analysis to derive equations of motion for circular plates [13]. 
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1.3 Literature Review and Research Motivation 
As discussed in the history of the vibration analysis, the equations of motion for plate were 
derived long ago. As a refinement to the thin plate theory, the Mindlin Theory of Plates was 
introduced to take into account the shear deformation in plates while bending. A report on plate 
vibration by Leissa [18] includes the analytical solutions of plates of various shapes. To date, the 
analytical values of the frequency parameters given in this report are cited and held authentic. 
Based on this report, many other researchers have approached more difficult versions of plate 
vibration problem. Free and forced vibrations of circular plates having rectangular orthotropy 
[1], [2], vibrations of circular plate with variable thickness on elastic foundation [3], vibrations 
of circular plate having polar anisotropy having concentric circular support [4], vibrations of 
free-free annular plate [5] are some of many works on plate vibrations by Laura. The solution 
methods for solving the plate vibrations have also evolved with time. The exact solutions of 
Bessel functions do not help when considering non-standard boundary conditions or having 
anisotropy or variable thickness. Laura applied the method of differential qudrature to the 
circular plate vibrations [6], the same method was applied then by various researchers including 
Wu [7] for circular plates with variable thickness, Gupta [8], for non-homogeneous circular 
plates having variable thickness. Bhat, Chakraverty, and Singh are renowned names in 
development and application of Boundary Characteristic Orthogonal Polynomial method to 
derive natural frequencies of plates of various shapes and complicating effects such as 
orthotropy, anisotropy, non-homogeneity, variable thickness and elastically restrained boundary 
conditions. This is computationally efficient method using polynomials as admissible functions 
for Raleigh-Ritz analysis. With the advance of finite element analysis (FEA), circular plate 
vibration problem did become easy to analyze computationally. An axisymmetric vibration case 
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of circular plate was solved with FEA by Chorng-Fuh Liu [9] and was extended for annular 
plates by Lakis [10]. The case for non-uniform circular and annular plate was presented by Lakis 
[11]. Recently, Chorng-Fuh Liu [12] presented the axisymmetric vibration case for piezoelectric 
laminated circular and annular plates. 
Majority of the work discussing the plate vibrations with active material attachment 
either neglect the actuator dynamics or derive equations of motion for the specific geometry and 
solve them. In this work, an attempt is made to model the plate containing piezoelectric patch, 
which can be used as either actuator or the sensor. Starting from the first principles, the equations 
of motion for plate with piezoelectric patch are derived with equilibrium (Newtonian) approach 
and verified with equations derived using Hamilton’s principle. Using the boundary 
characteristic orthogonal polynomial method fundamental frequencies are derived as a function 
of patch area. The plate vibrations are experimentally verified using an in-house experimental set 
up designed for circular plate clamped at the boundary and annular plate, clamped at inner 
boundary and free at outer boundary. 
1.4 Thesis Overview 
Chapter 2 discusses the vibration of membranes, as a primer to understand vibrations of two 
dimensional structures. The chapter starts with derivations of equations of motion of rectangular 
membranes using Hamilton’s principle. Once the equations of motion are derived, domain 
transformation is performed to consider the case of circular membrane vibration. As an example, 
vibration of circular membrane clamped at the boundary is considered and exact solution for free 
vibration is derived using the frequency equation. Mode shapes and fundamental frequency 
parameters are calculated using MATLAB software package. Forced vibration case is solved for 
circular membrane clamped at the boundary and undergoing harmonic excitations at an arbitrary 
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point. Both analytical and numerical solutions are presented. As the forcing frequency gets closer 
to the resonant frequency of the membrane, increase in amplitude and beat phenomenon is 
observed.  
Chapter 3 discusses the vibrations of thin plates in detail. The equations of motion are 
derived using Hamilton’s principle for rectangular plate. Similar to Chapter 2, the domain 
transformation is performed to consider vibrations of circular plate. For the free vibration case, 
circular plate clamped at the boundary is taken into consideration and exact solution is derived 
with the frequency equation. Approximate analysis of forced vibration for simply supported 
circular plate is also presented using Hankel transforms. At this point, Raleigh Ritz method 
yielding approximate solution is presented. After preliminary discussion of this method as 
applied to the plate problems, mathematical concepts or orthogonalization and Gram-Schmidt 
scheme is discussed. The application of orthogonalization scheme for axisymmetric vibration of 
circular clamped plate is presented in detail. The results obtained with this method are compared 
with values found in the literature. For the forced vibration analysis, assumed mode method is 
utilized, using the shape functions as calculated by Raleigh Ritz analysis involving orthogonal 
polynomials. The forced analysis is verified by changing the forcing frequency and observation 
of amplitude change in the response. As a final note, the membrane hypothesis and thin plate 
hypothesis are compared as applied to various radii to thickness ratios. Consequently some 
important notes about selection of plates for experimental analysis are made. 
 Chapter 4 is dedicated to vibrations of plates with piezoelectric patches. After a brief 
introduction to piezoelectricity, an extensive derivation of equation of motion for plate-patch 
system is given for rectangular plates. The equations of motion are derived with equilibrium 
(Newtonian) approach and verified with equations derived using Hamilton’s principle. The 
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numerical analysis includes the axisymmetric case of free vibration of plate-patch system. Since 
it is important to study also the non-axisymmetric case, the extension of Gram-Schmidt 
orthogonalization scheme is presented which is derived from works of Chakraverty, Bhat and 
Singh. This scheme can be applied to both axisymmetric and non-axisymmetric vibrations of the 
plate. The convergence study is performed for the frequency parameters and compared with 
exact solutions. Free and forced vibration studies for non-axisymmetric case are also done and 
finally this chapter concludes with notes on the numerical analysis limitations. 
 In Chapter 5, the experimental verification of the plate vibration is considered. After a 
brief introduction, the experimental setup for circular clamped plate is discussed. A brief 
introduction about the inertial actuator and piezoelectric patch actuator is given. The 
experimental analysis of plate, when actuated with inertial actuator, requires extensive actuator 
modeling coupled with plate equations. The frequencies derived from the piezoelectric actuated 
plate were not satisfactory. An attempt was made to take into account the partially clamped 
edges and numerical analysis was presented. Despite this, the frequencies still did not converge. 
The reason for this was flawed design of experimental setup, since time and cost constrains did 
not allow construction of the new fixture, the vibration of annular plate was considered instead of 
circular plate vibrations. Since annular plates have completely different frequency parameters 
than the circular plate, different numerical schemes are deployed to calculate the frequency 
parameters of annular plates. The chapter is concluded with the forced excitation experiments 
with both electromagnetic and piezoelectric actuators. The experimental results match the values 
those produced by analytical expressions. 
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1.5 Thesis Contributions 
The major contributions of this work can be summarized as follows, 
• Development of a comprehensive study of the membrane and plate vibrations 
• Derivations of plate equations of motion including the piezoelectric patch in its most 
general case. 
• Use of Boundary Characteristic Orthogonal Polynomials to solve free and forced 
vibration problem of plate with piezoelectric patch attachment. 
• Experimental analysis of annular and circular plate with excitation from inertial and 
piezoelectric actuators. 
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CHAPTER TWO: VIBRATION OF MEMBRANES 
2.1 Introduction 
Membrane vibration problem is analogous to the string vibrations in one dimensional case. Both 
analytical and experimental studies of membranes go back to centuries. The historical 
applications of membranes include drum like musical instruments and the sound boxes of string 
instruments like guitars and violins. In the modern age, membranes are finding their applications 
from bioprosthetic organs and tissues to space antennae and optical reflectors. In MEMS 
applications, membranes are being used for micropumps for actuation and sensing. In this 
chapter, the governing equations of lateral vibrations for the membranes in general are derived 
first using Hamilton’s principle. Since in most engineering applications the vibration of circular 
membranes with clamped boundaries is of most interest, this case is solved analytically and 
verified with numerical simulations. Forced vibration of circular membrane is also solved 
analytically along with numerical simulations and the chapter is concluded.  
2.2 Governing Equations of Motion for a Rectangular Membrane 
A membrane is a flexible thin lamina under tension without any rigidity. While deriving the 
equations of motion for the membrane vibrations, the following assumptions are made. 
1. The displacement of any point of the membrane is normal to the plane of lamina under 
tension and there is no displacement in the plane of the membrane. 
2. Tension on the membrane is uniform i.e.; the tension per unit length along the boundary 
is considered to be ‘T ’. 
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3. The mass of the membrane per unit area is ‘ ρ ’ and the density of the entire membrane is 
considered to be homogeneous. 
Here, a thin and uniform rectangular membrane is considered under constant tension along 
the boundary. Without loss of generality, assumption of small amplitude displacement is made to 
obtain the equations of motion. Figure 2.1 depicts the free body diagram of a membrane of 
interest with relevant forces. 
 
Figure 2.1 Free body diagram of a rectangular membrane 
 Potential energy for the membrane is given by 
 
1 2
0 0
L L
PE Td= ∆∫ ∫  (2.1) 
where d∆ is the elongation of the membrane from the undeformed position given by.  
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2 2
2 2 2
d ds dx dy
ds dx dy dw
∆ = − +
= + +
 
where dx  and dy are infinitesimal deformations in X and Y axis respectively. Using the 
binomial expansion to evaluate d∆ , the potential energy can be written as follows. 
 
221
2 A
w wPE T dA
x y
  ∂ ∂ 
= +   ∂ ∂    
∫∫  (2.2) 
Similarly, the kinetic energy can be written as, 
 
21
2 A
wKE dA
t
ρ ∂ =  ∂ ∫∫
 (2.3) 
Work done by external distributed loading ( , , )P x y t is given by, 
 nc
A
W PwdA= ∫∫  (2.4) 
Applying the Hamilton’s principle, 
 
2
1
( ) 0
t
nc
t
KE PE W dtδ − + =∫  (2.5) 
Complete derivation of the equations of motions is given in Appendix A. For brevity, the final 
equations of motion with boundary conditions are given as 
 
2 2 2
2 2 2
w w wT P
x y t
ρ ∂ ∂ ∂+ + = ∂ ∂ ∂ 
 (2.6) 
with the boundary conditions given as, 
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 0x y
C
w wT l l wdC
x y
δ ∂ ∂+ = ∂ ∂ ∫
 (2.7) 
where C  denotes boundary of the membrane. With this, the motion of the rectangular membrane 
with all the boundary conditions is defined. The solution procedure for the partial differential 
equation follows separation of variables approach and solution of the simple ordinary differential 
equations. Since interest is in developing solution for the circular membrane, a coordinate 
transformation is applied at this stage and then separation of variables is applied to yield 
solution. 
2.3 Rectangular to Circular Coordinate Transformation 
Since the membrane under study is of the circular shape, we shall transform the coordinates from 
Cartesian to Polar. The Laplacian operator in rectangular coordinates is defined as follows 
 
2 2
2
2 2x y
∂ ∂∇ = +
∂ ∂
 (2.8) 
Equation of motion of rectangular membrane can now be re-written as follows, 
 
2
2
2
( , , )( , , ) ( , , ) w x y tT w x y t P x y t
t
ρ ∂∇ + =
∂
 (2.9) 
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Figure 2.2: Cartesian to polar coordinate transformation 
As shown in Figure 2.2, the transformation from ( , )x y  to ( , )r θ  can be written as  
 
cos
sin
x r
y r
θ
θ
=
=
 (2.10) 
This makes the Laplacian operator modified as.  
 
2 2
2
2 2 2
1 1 1
r
r r r r r r r θ
∂ ∂ ∂ ∂ ∂ ∇ = = + + ∂ ∂ ∂ ∂ ∂ 
 (2.11) 
The complete derivation is explained in Appendix B. Thus equation of motion for a circular 
membrane undergoing forced vibration is given by, 
 
2 2 2
2 2 2 2
( , , ) 1 ( , , ) 1 ( , , ) ( , , )w r t w r t w r t w r tT P
r r r r t
θ θ θ θρ
θ
 ∂ ∂ ∂ ∂
+ + + = ∂ ∂ ∂ ∂ 
 (2.12) 
For the free vibrations, equation (2.12) reduces to, 
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2 2 2
2
2 2 2 2
( , , ) 1 ( , , ) 1 ( , , ) ( , , )w r t w r t w r t w r t
c
r r r r t
θ θ θ θρ
θ
 ∂ ∂ ∂ ∂
+ + = ∂ ∂ ∂ ∂ 
 (2.13) 
where Tc
ρ
= . Now we can use the concept of separation of variables to express solution as the 
combination of separate spatial and temporal functions. 
 ( , , ) ( ) ( ) ( )w r t R r T tθ θ= Θ  (2.14) 
where ,R Θ and T  are functions of only ,r θ  and t  respectively. Substituting equation (2.14) into 
(2.13) yields, 
 
2 2 2
2
2 2 2 2
1 1d T d R dR dR c T T RT
dt dt r dt r dθ
 ΘΘ = Θ + Θ + 
 
 (2.15) 
If one divides equation (2.15) by R TΘ , it results in. 
 
2 2 2
2 2 2 2 2
1 1 1 1 1d T d R dR d
c T dt R dt rR dt r dθ
 Θ
= + + Θ 
 (2.16) 
Note that each side of equation (2.16) must be a negative constant to yield a stable solution. Let 
the constant to be taken as 2ω− , hence, equation (2.16) can be rewritten as,  
 
2
2 2
2
2 2
2 2
2 2
0
1 1 1
d T
c T
dt
d R dR d
r
R dt r dt d
ω
ω
θ
+ =
  Θ
+ + = −  Θ 
 (2.17) 
Again, in order to yield a stable solution, each side of second expression in equation (2.17) 
should be equal to a negative constant. 
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2 2
2
2 2
1 ( ) 0d R dR R
dt r dt r
α
ω
 
+ + − = 
 
 (2.18) 
2
2
2 0
d
d
α
θ
Θ
+ Θ =      (2.19) 
Since the solution of equation (2.19) is a periodic function of θ , with the period of 2pi , α  must 
be an integer. 
 0,1,2...
m
m
α =
=
 (2.20) 
The solutions for (2.17) and (2.19) can be expressed as follows, 
 ( ) cos sinT t A c t B c tω ω= +  (2.21) 
 ( ) cos sin , 0,1,2...
m m
E m F m mθ θ θΘ = + =  (2.22) 
Equation (2.18) can be re-written as follows, 
 
2
2 2 2 2
2
1 ( ) 0d R dRr r m R
dt r dt
ω
 
+ + − = 
 
 (2.23) 
Which is Bessel’s equation of order m with parameter ω . The solution to Bessel’s equation is 
given as follows, 
 ( ) ( ) ( )
m m
R r CJ r DY rω ω= +  (2.24) 
 where C  and D  are constants to be determined by the boundary conditions. and, 
m
J  and 
m
Y  are 
Bessel functions of first and second kind, respectively [4]. Bessel functions are found to be 
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extremely useful while dealing with the circular geometry. They can be expanded as an infinite 
series as follows, 
 
2
0
( 1)( )
! ( 1) 2
m ii
m
i
rJ r
i m i
ω
ω
+
∞
=
−  
=  Γ + +  ∑
 (2.25) 
It is important to note that for a circular membrane, the solution w must be finite over the 
domain, however, ( )
m
Y rω approaches infinity at origin. For this reason, constant D must vanish 
to yield realistic result. Hence, equation (2.24) reduces to 
 ( ) ( )
m
R r CJ rω=  (2.26)  
Thus, the complete solution is given as follows. 
 ( , , ) ( )( cos sin )( cos sin )
m m m
w r t J r E m F m A c t B c tθ ω θ θ ω ω= + +  (2.27) 
It is worth mentioning that some researchers associate parameter c with the spatial coordinate 
rather than the temporal coordinate as done here [14],[21]. Yang [14] performed non-
dimensionalization over the coordinates with unit tension and yielded the same values as given in 
the literature. As long as the tension parameter c  is associated with either spatial or temporal 
differential equation, the complete solution stays the same. 
2.4 Circular Membrane Clamped at the Boundary 
Since the membrane is clamped at r a= , we impose the following boundary condition. 
 ( , ) 0
m
W a θ =  (2.28) 
Thus, the solution can be expressed as, 
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 ( , ) ( ) cos ( ) sin 0
m m m m m
W a J a E m J a F mθ ω θ ω θ= + =  (2.29) 
Note that above equation has to vanish for all values of θ  , hence the necessary condition for θ  
is , 
 ( ) 0; 0,1, 2...
m
J a mω = =  (2.30) 
Equation (2.30) gives the frequency equation with infinitely many solutions for each value of m. 
For example, in Figure 2.3 below, the solution of 0 ( ) 0J aω =  is shown. As seen, the various 
values for the solution can be given as, 
 
0
2.4048, 5.5201, 8.6537, 11.7915, 14.9309...
m
aω
=
=
 (2.31) 
 
Figure 2.3: Plot of 0 ( ) 0J aλ =
 
displaying the first four frequency parameters 
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Similarly, numerically solving the frequency solution for 0, 1, 2, 3...m = we tabulate the first few 
solution frequency parameters as listed in Table 2.1. Since the solution aλ  is dimensionless, 
frequency parameters 
mn
λ  has the unit 1
m
. 
Table 2.1: Frequency parameters 
mn
λ 1
m
 
 
 
for clamped circular membrane 
m  Modal 
Diameters 
n  Number of nodal circles 
0 1 2 3 4 5 
1 2.405 3.832 7.016 10.173 13.323 16.470 
2 5.52 5.135 8.417 11.620 14.796 17.960 
3 8.654 6.379 9.760 13.017 16.224 19.410 
4 11.79 7.586 11.064 14.373 17.616 20.827 
5 14.931 8.780 12.339 15.700 18.982 22.220 
 
Since the complete solution of the transverse vibration of the membrane becomes very 
complicated due to the various combinations of 
m
J , cos mθ , sin mθ , sin
n
tω , cos
n
tω  for each 
value of 0,1, 2,3...m = . The solution is usually expressed in terms of two characteristic functions 
(1) ( , )
mn
W r θ  and (2) ( , )
mn
W r θ . Let 
mn
γ  denote the thn  root of ( ) 0
m
J γ = , then the natural frequencies 
are given by, 
 
mn
mn
a
γ
ω =  (2.32)  
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The characteristic functions (1) ( , )
mn
W r θ  and (2) ( , )
mn
W r θ  are given as follows, 
 
(1)
1
(2)
2
( , ) ( ) cos
( , ) ( )sin
mn mn m mn
mn mn m mn
W r C J r m
W r C J r m
θ ω θ
θ ω θ
=
=
 (2.33) 
Hence, the two natural modes of vibration corresponding to 
mn
ω  can be given as follows, 
 
(1) (1) (2)
(2) (3) (4)
( , , ) ( ) cos [ cos sin ]
( , , ) ( )sin [ cos sin ]
mn m mn mn mn mn mn
mn m mn mn mn mn mn
w r t J r m A c t A c t
w r t J r m A c t A c t
θ ω θ ω ω
θ ω θ ω ω
= +
= +
 (2.34) 
Now the complete solution is given by, 
 
(1) (2)
0 0
( , , ) ( , , ) ( , , )mn mn
m n
w r t w r t w r tθ θ θ
∞ ∞
= =
 = + ∑ ∑  (2.35) 
Constants ( ) ; 1, 2,3i
mn
A i =  and 4  are determined by the initial conditions. Some of the mode shapes 
calculated from above expressions is displayed in the Figure2.4. 
 
Figure 2.4: Mode shapes of a freely vibrating clamped circular membrane 
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Note that these are only the r  components of the mode shapes plotted along the diameter of the 
membrane. Next, we build the analytical formulation for understanding forced vibrations of the 
circular clamped membranes.  
2.5 Forced Vibrations of Circular Membranes 
Recall the equation of motion for the forced vibration of the circular membranes as given by,  
 
2 2 2
2 2 2 2
1 1w w w wT P
r r r r t
ρ
θ
 ∂ ∂ ∂ ∂
+ + + = ∂ ∂ ∂ ∂ 
 (2.36) 
Following the standard modal analysis procedure, we assume the solution to be in the form of, 
 
0 0
( , , ) ( , ) )mn mn
m n
w r t W r tθ θ η
∞ ∞
= =
= (∑ ∑  (2.37) 
where the spatial functions ( , )
mn
W r θ  are the natural modes of vibration and )
mn
tη (  are the 
corresponding generalized coordinates. As discussed before, complete solution is produced by 
taking infinitely many modes and corresponding temporal functions. Hence, we approximate the 
solution using first three mode shapes as follows. 
 
(1) (1) (1) (1) (2) (2)
0 0
1 1 1 1 1
( , , ) ( , ) ( ) ( , ) ( ) ( , ) ( )n n mn mn mn mn
n m n m n
w r t W r t W r t W r tθ θ η θ η θ η
∞ ∞ ∞ ∞ ∞
= = = = =
     = + +     ∑ ∑ ∑ ∑ ∑ (2.38) 
where the normal modes are produced from equation (2.34). Now, we normalize the 
aforementioned modes using the normalization process. 
 
2
2(1) 2 2 2
1
0 0
( , ) ( ) cos
a
mn mn m mn
A
m W r dA C J r m rdrd
pi
θ ρ ω θ θ  = ∫∫ ∫ ∫  (2.39) 
Equation (2.39) yields the value of 21mnC  as, 
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2
1 2 2
1
2
( )mn
m mn
C
a J apiρ ω+
=  (2.40) 
Similarly, for the second mode, the normalizing constant value is given by, 
 
2
2 2 2
1
2
( )mn
m mn
C
a J apiρ ω+
=  (2.41) 
We summarize the normalized modes as follows, 
 
(1)
(2)
1
cos2 ( )
sin( )
mn
m mn
m mnmn
W m
J r
naJ aW
θ
ω
θρpi ω+
 
= 

 (2.42) 
Insertion of (2.37) into (2.36) yields,  
 
2( ) ( ) ( )
mn mn mn mn
t t N tη γ η+ =  (2.43) 
where 
mn mn
cγ ω=  and the generalized force is given by,  
 
2
0 0
( ) ( , ) ( , , )
a
mn mn
N t W r P r t rdrd
pi
θ θ θ= ∫ ∫  (2.44) 
The generalized coordinates’ steady-state response can be given by,  
 
0
1( ) ( sin (
t
mn mn mn
mn
t N t dη τ γ τ τ
ω
= ) − )∫  (2.45) 
2.5.1 Special Case: Point Load Harmonic Excitation 
As a special case to analyze the forced vibration of a clamped circular membrane, the forcing 
function is taken to be a force applied at the centre of the membrane harmonically with respect to 
time. 
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0 0( , , ) ( ) cos
0, 0( )
1, 0
P r t f H a a t
x
H x
x
θ = − Ω
<
=  ≥
 (2.46) 
where ( )H x is the Heaviside function. The mode shapes can be calculated using the definition in 
(2.42) as, 
 
(1)
0 0 0
1 0
(1)
1
(2)
1
2 ( )
( )
2 ( )cos
( )
2 ( )sin
( )
n n
n
mn m mn
m mn
mn m mn
m mn
W J r
aJ a
W J r m
aJ a
W J r m
aJ a
ω
piρ ω
ω θ
piρ ω
ω θ
piρ ω
+
+
=
=
=
 (2.47) 
The generalized forces are now evaluated as, 
 
0
0
2 2
(1) (1)
0 0 0 0 0 0
0 0 1 0
(1) 0
0 0 0
1 0
(1) 0 0
0 0 0 0
01 0
2( ) ( , , ) ( , , ) ( ) ( ) cos
( )
2 2 cos( ) ( )
( )
4 cos( ) ( )
( )
a a
n n n
a a n
a
n n
an
n n
nn
N t W r t P r t rdrd J r f H a a trdrd
aJ a
f tN t J r rdrd
aJ a
f t aN t J a
aJ a
pi pi
θ θ θ ω θ
piρ ω
pi
ω θ
piρ ω
pi
ω
ωpiρ ω
− −
−
= = − Ω
Ω
=
Ω
=
∫ ∫ ∫ ∫
∫ (2.48) 
Since the sine and cosine functions are periodic over [0, 2pi ] , they vanish when integrated over 
those limits. Thus, the other generalized forces vanish as given in (2.49). An important point to 
understand here is that since the membrane excitation is axisymmetric; only axisymmetric modes 
are observed. 
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2
(1)
0 0 0
0 1
2
(2)
0 0 0
0 1
2( ) ( ) ( ) cos cos 0
( )
2( ) ( ) ( )sin cos 0
( )
a
mn mn
a mn
a
mn mn
a mn
N t J r f H a a m trdrd
aJ a
N t J r f H a a m trdrd
aJ a
pi
pi
ω θ θ
piρ ω
ω θ θ
piρ ω
−
−
= − Ω =
= − Ω =
∫ ∫
∫ ∫
 (2.49) 
In light of equation (2.49), we have the generalized coordinates calculated as follows. 
 ( )
( )
(1) 0 0 0 0 0
0 02
1 0 00
0 0 0 0 0 0(1)
0 2 2
0 1 0 0
4 ( )( ) cos sin ( )( )
4 ( ) cos cos( )
( )
t
n
n n
nn
n n
n
n n n
a f J a
t t d
J aa
a f J a t t
t
a J a
pi ωη γ τ τ
ωpiρ ω
pi ω γη
piρ ω ω γ
= Ω −
− Ω
=
Ω −
∫
 (2.50) 
Since the other generalized forces as well as generalized coordinates are already zero, we 
can write the complete solution as, 
 ( )
( )
(1) (1)
0 0
1
0 0 0 00 0 0 0
2 2 2 2
1 1 0 0 0
( , , )
( ) cos cos4 2 ( )( , , ) ( )
n n
n
n nn
n n n n
w r t W
J a t ta f J r
w r t
a J a
θ η
ω γωθ
ρ ω ω γ
∞
=
∞
=
=
− Ω
=
Ω −
∑
∑
 (2.51) 
2.6 Numerical Simulations of the Forced Vibration 
In this section, numerical simulation of the forced vibration of a clamped circular membrane 
under the harmonic point load is given. The material properties and physical parameters are 
listed as per Table 2.2. Note that some of the parameters are so chosen as to make c  unity. 
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Table 2.2 Simulation parameters for forced vibration of a clamped circular membrane  
Parameter Value Units 
Membrane Density, ‘ ρ ’ 2700 Kg/m3 
Membrane Radius, ‘ a ’ 0.04445 m 
Radius at Force Application, ‘ 0a ’ 0.004445 m 
Force intensity, ‘ 0f ’ 5 N 
Tension per unit length- ‘T ’ 0.00425 Kg/m 
Membrane thickness , ‘ h ’ 0.00025 m 
 
Revisit the expression of the complete solution of the system as, 
 
( )
( )
0 0 0 00 0 0 0
2 2 2 2
1 1 0 0 0
( ) cos cos4 2 ( )( , , ) ( )
n nn
n n n n
J a t ta f J r
w r t
a J a
ω γωθ
ρ ω ω γ
∞
=
− Ω
=
Ω −∑
 (2.52) 
As given in equation(2.52), the amplitude of the vibrations increases as the forced vibration 
frequency Ω  gets closer to the respective mode because of the ( )2 20nγΩ −  term in the 
denominator. The analytical solution encounters singularity when 0nγΩ = . In various numerical 
simulations, vibration amplitude was varied by changing frequency of the forcing function, as 
observed in Figure 2.5. Similarly, the simulations are repeated for the second axisymmetric 
mode. In addition to amplitude increase with the frequency change, the mean amplitude for the 
second mode decreases significantly than the first mode. This demonstrates that the most 
vibration energy is contained in first vibration mode; other modes will always have less energy 
than the first mode. 
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Figure 2.5: Mode (0,1) of point load harmonic excitation of circular clamped membrane with 
different excitation frequencies closer to Mode (0,1) 
 
Figure 2.6: Mode (0,2) of point load harmonic excitation of circular clamped membrane with 
different excitation frequencies closer to Mode (0,2) 
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Note that Figures 2.5 and 2.6 display the spatial component of the solution ( , , )w r tθ . It is also 
interesting to study the temporal component of ( , , )w r tθ . Observing expression 
( )0cos cosnt tγ − Ω  in equation (2.52) demonstrates the presence of both forcing frequency and 
natural frequency in the solution. From the fundamentals of vibrations, one can recall that in case 
of a linear system, the response exhibits the “beat phenomenon” when the excitation frequency 
approaches the resonant frequency of the linear system.  In the case of point load excitation of 
the circular membrane, something similar is observed. In the case considered, forcing frequency 
Ω  was increased from 010.85γΩ = to 010.99γΩ = . The temporal component of solution was 
extracted and a Fourier transform was performed over it to observe the frequency domain 
behavior using FFT algorithm. In Figures 2.7 to 2.10, the time history of the solution is 
juxtaposed with the FFT. Observing these figures, we notice the definite beat pattern emerging as 
Ω  approaches the resonant frequency. Also the RMS amplitude of frequency response increases 
with increase in forcing frequency closer to resonance indicating the rise in vibration amplitude.  
 
Figure 2.7: Time domain response and frequency domain response under point load harmonic 
excitation at 010.85γΩ =  for a clamped circular membrane 
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Figure 2.8: Time domain response and frequency domain response under point load harmonic 
excitation at 010.90γΩ =  for a clamped circular membrane 
 
Figure 2.9: Time domain response and frequency domain response under point load harmonic 
excitation at 010.95γΩ =  for a clamped circular membrane 
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Figure 2.10: Time domain response and frequency domain response under point load harmonic 
excitation at 010.99γΩ =  for a clamped circular membrane 
Similarly, the beat phenomenon can be observed for mode (0,2) and (0,3). For brevity the time 
domain responses of the solution are shown here in Figure 2.11 and 2.12 for mode (0,2) and 
(0,3), respectively.  
 
Figure 2.11: Time domain response under point load harmonic excitation at 020.99γΩ =  for a 
clamped circular membrane 
 28 
 
 
Figure 2.12: Time domain response under point load harmonic excitation at 030.99γΩ =  for a 
clamped circular membrane 
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CHAPTER THREE: VIBRATION OF THIN PLATES 
3.1 Introduction 
Vibrations of plate-like structures are of great importance in engineering. For example, harmonic 
box of the string instrument determines the quality of the instrument. Similarly, the vibration 
characteristics of the building floors are vital in determining seismic performance of the 
buildings. The study of vibration of plates is not new in engineering; amongst many researchers, 
the work of Leissa (1969) [19] is remarkable. This technical report on plate vibrations is one of 
the most referred sources of the plate vibrations frequencies for different shapes. It discusses the 
frequency equations and frequency parameter values for various plate geometries and boundary 
conditions. 
 Since plate eigensolutions are trigonometric solutions or complex trigonometric 
functions, it is difficult to derive the eigensolution of plate with non-standard boundary 
conditions. As a remedy to this, alternate approximate solution methods have been proposed by 
many researchers over years. In this chapter, the governing equations of vibration of plates are 
presented, followed by the eigensolution derivation for the clamped boundary with circular 
geometry. The Raleigh-Ritz method for finding approximate natural frequencies is then 
discussed. Application of this method is used to calculate the axisymmetric vibration frequencies 
of circular plate with various boundary conditions. The extension of this analysis results in 
studying forced vibrations of circular plates using the orthogonal polynomials calculated with 
help of Assumed Mode Method (AMM). Finally, a comparison is shown between plate and 
membrane vibrations related to the thickness of the plate/membrane structure is given.  
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3.2 Governing Equations for Vibration of a Thin Plate 
In this section, the equations of motion for thin plates are derived. At this point, following 
assumptions are made in accordance with thin plate theory [13]. 
1. The thickness of the plate, h
 
is small as compared to other dimensions. 
2. The middle plane of the plate does not go through any deformation. Thus, the middle 
plane remains plane after bending deformation. This implies that shear strains xzε
 
and 
yzε  can be neglected, where z  being the thickness direction. 
3. The external displacement components of the middle plane are assumed to be small 
enough to be neglected. 
4.  The normal strain across the thickness zzε is ignored. Thus the normal stress component 
zzσ
 
is neglected as compared to the other stress components. 
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Figure 3.1 displays the elemental plate sections for deformation in xz plane and 
yz plane.
 
Figure 3.1: Thin plate sections for (a) deformation in xz plane, and (b) deformation in yz plane 
 In the edge view (a) in Figure (3.1), ABCD is the undeformed position and A’B’C’D’ refers to 
the deformed position for the element Under the assumption of no change in the middle plane 
shift, the line IJ becomes I’J’ after deformation. Thus, point N will have in-plane deformations 
u and v (parallel to X and Y axes respectively), due to rotation of the normal IJ about X and Y 
axes. The in-plane displacements of N can be expressed as below. 
  
w
u z
x
w
v z
y
∂
= −
∂
∂
= −
∂
 (3.1) 
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As a result, linear strain displacements can be given by, 
 
xx
yy
xy
u
x
v
y
u v
y x
ε
ε
ε
∂
=
∂
∂
=
∂
∂ ∂
= +
∂ ∂
 (3.2) 
Substituting u and v
 
from equation (3.1) into equation (3.2), the strain componants in terms of 
the transverse displacement ( , , )w x y t  are derived. This demonstrates that the motion of the plate 
can be completely described by a single variable w . 
 
2
2
2
2
2
2
xx
yy
xy
w
z
x
w
z
y
w
z
x y
ε
ε
ε
∂
= −
∂
∂
= −
∂
∂
= −
∂ ∂
 (3.3) 
Consequently the stress-strain relationships for the plate are written, which is assumed to be in 
state of plane stress by, 
 
2 2
2 2
0
1 1
0
1 1
0 0
2(1 )
xx xx
yy yy
xy xy
E E
E E
E
υ
υ υσ ε
υ
σ ε
υ υ
σ ε
υ
 
 
− −    
    
=    
− −
       
 
 + 
 (3.4) 
where E  is Young’s modulus of elasticity and υ
 
is the Poisson’s ratio. The strain energy density 
for the plate can be given as, 
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1
2 xx xx yy yy xy xy
pi σ ε σ ε σ ε = + +   (3.5) 
This is the strain energy for the elemental volume. In order to calculate the strain energy for the 
entire plate, equation (3.5) is integrated over the volume of the plate. At this point, the stress and 
strain components are expended as per the definitions given in equations (3.4) and (3.3) 
respectively as, 
 
2
2
2 2 22 2 2 2 2 2
2
2 2 2 2 2
2
2 2(1 )
2(1 )
h
hV A z
h
hA z
PE dV dA dz
E w w w w wPE dA z dz
x y x y x y
pi pi
υ υ
υ
=−
=−
= =
      ∂ ∂ ∂ ∂ ∂
= + + + −      
− ∂ ∂ ∂ ∂ ∂ ∂       
∫∫∫ ∫∫ ∫
∫∫ ∫
 (3.6) 
Where PE  stands for the potential energy of plate and dV dAdz=
 
denotes the volume of an 
infinitesimal element of the plate. Defining, 
 
22
2
2 2
2
2(1 ) 12(1 )
h
h
z
E Eh
z dz D
υ υ
=−
=
− −
∫   (3.7) 
where D  is the flexural rigidity of the plate, equation (3.6) can be rewritten as, 
 
2 22 2 2 2 2
2 2 2 22(1 )2 A
D w w w w wPE dA
x y x y x y
υ
     ∂ ∂ ∂ ∂ ∂
 = + − − −    ∂ ∂ ∂ ∂ ∂ ∂       
∫∫  (3.8) 
If the effect of rotary inertia is neglected and only transverse motion is considered, then the 
kinetic energy of the plate can be written as, 
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2
2 A
h wKE dA
t
ρ ∂ 
=  ∂ ∫∫
 (3.9) 
Considering a distributed transverse load ( , , )f x y t  acting on the plate, the non-conservative 
work done on the plate by the external load can be written as, 
 nc
A
W fwdA= ∫∫  (3.10) 
Applying the Hamilton’s principle, 
 
2
1
( ) 0
t
nc
t
KE PE W dtδ − + =∫  (3.11) 
And substituting the expressions for kinetic and potential energies as well as external work in 
equation (3.11), the governing equation of motion for the plate can be given by, 
 
2
4
2
( , , ) ( , , ) ( , , )w x y th D w x y t f x y t
t
ρ ∂ + ∇ =
∂
 (3.12) 
Similar to the methodology followed in vibrations of membrane, transformation from Cartesian 
coordinates to polar coordinates is done first before the solution is derived. 
3.3 Free Vibrations of a Clamped Circular Plate 
In the preceding section, the equation of motion was derived assuming Cartesian coordinate 
system. In case of circular plates, the solution process becomes easier considering the polar 
coordinate system. Now, it is possible to derive the equations of motion for circular plate using 
the polar coordinate system, where the strain and stress definitions are defined in polar 
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coordinate system. Alternatively, it is possible to convert coordinate systems after the equations 
have been derived, which is done here.  
The equation of motion that represents plate vibration is partial differential equation in 
two spatial variables and one temporal variable. To solve this equation, one of many techniques 
is the method of separation of variables. First, solution is assumed to be separable in spatial and 
temporal coordinates. Applying that assumption, the equation of motion is divided in two 
ordinary differential equations. The solution of this linear ordinary differential equation can be 
obtained with relative ease. The related constants are derived using the suitable boundary 
conditions, and the complete eigensolution is in the form of infinite series of the trigonometric 
functions. For the circular plates, similar approach is followed; the only difference is that the 
spatial function that describes the mode shapes of the plate is in the form of Bessel functions, 
which are the infinite series of the complex trigonometric functions. It will be shown that the 
problem can be further simplified by assuming that the mode shapes are symmetric to the axis 
passing through the centre of the plate and normal to the plane of vibration. In that case, the 
mode shapes become independent of the variable θ . This is of importance since it transforms the 
two dimensional problem of mode shapes into one dimensional. The mode shapes are described 
with only variable r
 
rather than variables x
 
and y . Recall the equations of motion for the 
rectangular plate given in equation (3.12). As given in Appendix B, the transformation of 
Cartesian coordinates to polar coordinates alters the definition of harmonic operator as follows. 
 
2 2 2 2
2
2 2 2 2 2
1 1w w w w w
w
x y r r r r θ
∂ ∂ ∂ ∂ ∂∇ = + = + +
∂ ∂ ∂ ∂ ∂
 (3.13) 
Applying separation of variables, solution w is given as, 
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 ( , , ) ( , ) ( )w r t W r T tθ θ=  (3.14) 
Substituting equation (3.14) into equation (3.12) and writing the differential equations for spatial 
and temporal variables we get,  
 
2
2
2
4 4
0
( , ) ( , ) 0
d T T
dt
W r W r
ω
θ λ θ
+ =
∇ − =
 (3.15) 
where  
 
2
4 h
D
ρ ωλ =
 (3.16) 
Equation (3.15) can be further divided into two equations using the expression in equation (3.14) 
 
2 2
2
2 2 2
2 2
2
2 2 2
1 1 0
1 1 0
W W W W
r r r r
W W W W
r r r r
λ
θ
λ
θ
∂ ∂ ∂
+ + + =
∂ ∂ ∂
∂ ∂ ∂
+ + − =
∂ ∂ ∂
 (3.17) 
By performing further separation of variables of ( , ) ( ) ( )W r R rθ θ= Θ , equation (3.17) can be 
rewritten after dividing each equation by 2
( ) ( )R r
r
θΘ
as, 
 
2 2 2
2 2
2 2
( ) 1 ( ) 1 ( )
( ) ( )
r d R r dR r d
R r dr r dr d
θλ α
θ θ
  Θ
+ ± = − =  Θ 
 (3.18) 
where 2α is a constant . Consequently the ordinary differential equations for r
 
and θ
 
are written 
as, 
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2
2
2 0
d
d
α
θ
Θ
+ Θ =
 (3.19) 
 
2 2
2
2 2
1 0d R dR R
dr r dr r
αλ + + ± − = 
 
 (3.20) 
 Solution of equation (3.19) can be written as below, 
 ( ) cos sinA Bθ αθ αθΘ = +  (3.21) 
( ,W r θ )
 
is a continuous function, which requires ( )θΘ
 
to be a periodic function with a period 
2pi
 
such that ( , ( ,W r W rθ θ pi) = + 2 ) . So, α  must be an integer. That is,  
                   0,1,2,3...m mα = =  (3.22) 
Again, equation (3.20) can be written as two different equations, 
 
2 2
2
2 2
1 0d R dR R
dr r dr r
αλ + + − = 
 
 (3.23) 
 
2 2
2
2 2
1 0d R dR R
dr r dr r
αλ + − + = 
 
 (3.24) 
Recall from Chapter 2 that these are Bessel differential equations, and here solution of equation  
(3.23) can be given as, 
 1 1 2( ) ( ) ( )m mR r C J r C Y rλ λ= +  (3.25) 
where mJ
 
and mY
 
are the Bessel functions of first and second kind, respectively. Similarly, the 
solution of equation (3.24), which is of order m α=
 
and with argument i rλ
 
is given by, 
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 2 3 4( ) ( ) ( )m mR r C I r C K rλ λ= +  (3.26) 
where  mI
 
and mK
 
are the hyperbolic or modified Bessel functions of first and second kind of 
order m
 
respectively. Now the general solution of spatial variables can be given as, 
 { }
(1) (2)
(3) (4)
( ) ( )( , cos sin
( ) ( )
m m m m
m m
m m m m
C J r C Y r
W r A m B m
C I r C K r
λ λ
θ θ θ
λ λ
 +) = + 
+ +  
 (3.27) 
where constants  ( ) , 1, 2,3i
m
C i = and 4
 
depend upon the boundary conditions of the plate. For 
instance, if the boundary of the plate is considered to be clamped at the radius a of the plate then 
the boundary terms for solution ( ,W r θ ) can be written as, 
 
( ,
( , ) 0
W a
W a
r
θ
θ
) = 0
∂
=
∂
 (3.28) 
Also, solution ( ,W r θ )
 
must be finite at all points within the plate. This makes constants (2)
m
C
 
and (4)
m
C  vanish since the Bessel functions of second kind mY
 
and mK
 
become infinite at 0r = . 
Inserting there boundary conditions in equation (3.27) results in, 
 { }( )( , ( ) ( ) cos sin( )
m
m m m m
m
J aW r J r I r A m B m
I a
λθ λ λ θ θλ
 ) = − + 
 
 (3.29) 
with relevant modification in constants mA  and mB . Inserting the second boundary condition in 
equation (3.27), the frequency equation obtained is given below. 
 
( ) ( ) ( ) 0( )
m m m
m r a
dJ r J a dI r
dr I a dr
λ λ λ
λ
=
 
− = 
 
 (3.30) 
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From the properties of the Bessel functions, we can write the frequency equation as follows. 
 1 1( ) ( ) ( ) ( ) 0m m m mI a J a J a I aλ λ λ λ− −− =  (3.31) 
where 0,1,2...m = For a given value of m  equation (3.31) has infinitely many solutions. The root 
of this equation gives mnλ  from which the natural frequencies of the plate can be obtained. 
 
2
mn mn
D
h
ω λ
ρ
=
 (3.32) 
Also, notice that for each frequency mnω
 
there are two natural modes orthogonal to each other in 
θ
 
variable, except for 0m = where there is only one mode. Hence, all the natural modes (except 
for 0m = ) are degenerate. The two mode shapes are given by, 
 
[ ]
[ ]
(1)
(2)
( , ( ) ( ) ( ) ( ) cos
( , ( ) ( ) ( ) ( ) sin
mn m m m m
mn m m m m
W r J r I a J a I r m
W r J r I a J a I r m
θ λ λ λ λ θ
θ λ λ λ λ θ
) = −
) = −
 (3.33) 
The two natural modes of vibrations corresponding to mnω can also be given by, 
 
[ ]{ }( )
[ ]{ }( )
(1) (1) (2)
(2) (3) (4)
( ) ( ) ( ) ( ) cos cos sin
( ) ( ) ( ) ( ) sin cos sin
mn m m m m mn mn mn mn
mn m m m m mn mn mn mn
w J r I a J a I r m A t A t
w J r I a J a I r m A t A t
λ λ λ λ θ ω ω
λ λ λ λ θ ω ω
= − +
= − +
 (3.34) 
The general solution (3.12) for a free vibration of circular clamped plate can be given as, 
 ( )(1) (2)
0 0
( , , ) ( , , ) ( , , )mn mn
m n
w r t w r t w r tθ θ θ
∞ ∞
= =
= +∑∑  (3.35) 
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with the constants ( ) , 1, 2,3i
mn
A i = and 4
 
to be determined from the initial conditions. For the 
clamped circular plate, some of the roots of equation (3.31) can be determined as listed 
numerically in Table 3.1. 
Table 3.1: The first few mnaλ  values for free vibration of clamped circular plate 
m
 
Nodal 
Diameters 
n  Nodal Circles 
1 2 3 4 
0 3.196217 4.6109 5.905929 7.144228 
1 6.306425 7.798718 9.196739 10.53613 
2 9.439492 10.9581 12.40202 13.79493 
3 12.57708 14.10886 15.57915 17.005 
4 15.71639 17.25601 18.74513 20.19208 
 
The values reported in Table 3.1 show excellent match with the technical report by Leissa [19]. 
Note that the mode shapes are the Bessel function arrangements. To demonstrate the mode 
shapes, the mode normalization procedure, similar to one done in membrane chapter can be 
performed. That is, 
 [ ]
2
2 2(1) (1) 2
0
( , ) ( ) ( ) ( ) ( ) cos 1
a
mn mn m m m m
A a
W r dA C J r I a J a I r m drdrd
pi
ρ θ ρ λ λ λ λ θ θ
−
  = − = ∫∫ ∫ ∫ (3.36) 
In case of membranes, it was possible to use one of the Bessel function integral properties to 
derive explicit integral of the expression in equation (3.36). However, in the case of plates, this is 
not possible. To normalize the modes, the integral was calculated numerically and the values for 
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normalization are found. Using these normalization values, few of the mode shapes are shown in 
the Figure 3.2. For a better visualization, the three dimensional views of the mode shapes are 
shown along for first 6 mode shapes obtained in ABAQUS® software package( Figure 3.3). 
 
Figure 3.2: Free vibration mode shapes for the clamped circular plate 
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Figure 3.3: First six mode shapes obtained for clamped plate in ABAQUS package 
3.4 Forced Vibration Solution for Clamped Circular Plate: Approximate Analytical 
Solution  
An approximate analytical solution of forced vibration problem is often derived using the Henkel 
transform approach [13]. The purpose of this section is to demonstrate the method for the case of 
simply supported circular plate under harmonic point load. The Henkel transform can be 
compared to the Fourier transform applied to the Bessel functions. Recall that the equation of 
motion of a circular plate in case of axisymmetric vibration is given as follows. 
 
4 ( , ) ( , ) ( , )D w r t hw r t f r tρ∇ + =  (3.37) 
with the boundary conditions. 
 
2
( , ) 0
( , ) ( , ) 0
w a t
w a t v w a t
r r r
=
∂ ∂
+ =
∂ ∂
 (3.38) 
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To be able to use this method, the boundary condition is approximated with the help of following 
expression. 
 
2 ( , ) 1 ( , ) 0w a t w a t
r r r
∂ ∂
+ =
∂ ∂
 (3.39) 
 Equations (3.38) and (3.39) suggest that plate is supported at the boundary r a= such that 
deflection and curvature vanish. It is worth noting that equation (3.39) holds good for larger 
plates as compared to smaller plates. If the applied force is harmonic in nature with frequency 
Ω , the forcing function can be written as, 
 ( , ) ( ) i tf r t F r e Ω=  (3.40) 
The solution is then assumed to be in the form, 
 ( , ) ( ) i tw r t W r e Ω=  (3.41) 
Equation of motion can be written as follows, 
 
22
4
2
1 1( ) ( ) ( )d d W r W r F r
dr r dr D
λ + − = 
 
 (3.42) 
where 
2
4 h
D
ρλ Ω= . Equation (3.37) can be solved conveniently using Henkel Transform 
approach. For this equation (3.42) is multiplied by 0 ( )rJ rλ  and integrated along the radius from 
0 to a . 
 
22
4
02
0
1 1( ) ( ) ( ) ( )
a d d
rJ r W r dr W r F r
dr r dr D
λ λ + − = 
 
∫  (3.43) 
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where W
 
and F
 
are the finite Henkel Transforms of ( )W r
 
and ( )F r
 
respectively defined as  
 
0
0
0
0
( ) ( ) ( )
( ) ( ) ( )
a
a
W rW r J r dr
F rF r J r dr
λ λ
λ λ
=
=
∫
∫
 (3.44) 
Consider the integral 
 
2
1 02
0
1 ( ) ( )
a d dI r W r J r dr
dr r dr
λ = + 
 
∫  (3.45) 
Using integration by parts, we get 
 1 0 0 0
0 0
( ) ( ) [ ( )]
a adW dI r J r rWJ r W rJ r dr
dr dr
λ λ λ λ λ ′= − +   ∫
 (3.46) 
Using derivative properties of Bessel functions [15] 
 
2
2
2[ ( )] ( ) ( )i i
d i
rJ r rJ r
dr r
λ λ λ′ = − −
 (3.47) 
Taking into account the fact that 0i =  here, equation (3.46) reduces to,  
 
2
1 0 0 0
0 0
( ) ( ) ( )
a adWI r J r rWJ r WrJ r dr
dr
λ λ λ λ λ ′= − −   ∫
 (3.48) 
Notice that the expression in brackets vanish at 0 and a  if λ
 
is chosen to satisfy the condition 
 0 ( ) 0iJ aλ =  (3.49) 
where 1, 2,3...i = Hence, integral 1I  reduces to, 
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02
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1 ( ) ( ) ( )
a
i i
d d
r W r J r dr W
dr r dr
λ λ λ + = − 
 
∫  (3.50) 
 Applying the procedure again 
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4
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0
1 ( ) ( ) ( )
a
i i
d d
r W r J r dr W
dr r dr
λ λ λ + = 
 
∫  (3.51) 
applying this result to equation (3.44), 
 4 4
( )1( ) ii
i
FW
D
λλ λ λ= −
 (3.52) 
and by taking inverse Henkel transform, 
 
0
2 2 4 4
1,2... 1 1
( ) ( )2( ) [ ( )] ( )
i i
i i
J r FW r
a J a
λ λ
λ λ λ
=
=
−
∑   (3.53) 
The mode shape of the clamped circular plate can be calculated. Notice that as the forcing 
function frequency parameter λ
 
approaches iλ , the amplitude of the mode shape increases. This 
analytic solution reaches infinity at iλ λ= . In reality, the response of the plate never reaches 
infinity owing to nonlinearities and ever present damping. Figure 3.4 and 3.5 depict the modal 
amplitude with the variation in the forcing frequency for mode (0,1) and (0,2),respectively.
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Figure 3.4: Circular plate mode (0, 1) under harmonic point load: different modal amplitude 
responses with forcing frequency (OMEGF) as 80% to 98% value of resonant frequency of the 
plate (OMEGR) 
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Figure 3.5: Circular plate mode (0, 2) under harmonic point load: different modal amplitude 
responses with forcing frequency (OMEGF) as 80% to 98% value of resonant frequency of the 
plate (OMEGR) 
At this point, an interesting observation is made. The resonant frequency parameters that are 
derived from equation (3.49) refer to the frequency parameters that of a clamped circular 
membrane, but they do not refer to the frequency parameters obtained with the simply supported 
plate frequency equation. This is because of the underlying assumption made in equation (3.39). 
Also note that same procedure will not help in determining forced vibration of clamped circular 
plates. The reason this analysis holds good is because the frequency parameters for clamped 
membranes and simply supported plate are very close as given in the Table 3.2. 
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Table 3.2: Frequency parameter values comparison for clamped membranes and simply 
supported plates 
Physical System 
Frequency Parameter Values 0nλ  
0 1 2 3 
Clamped Membrane 2.4048 5.5209 8.6543 11.792 
Simply Supported Plate 2.2309 5.4553 8.6139 11.7618 
3.5 Raleigh Ritz Method for Clamped Circular Plate 
To solve the vibration problems, often the solution is obtained by using the eigenfunctions 
expansion method. These eigenfunctions are the exact solution of the equations of motion that 
govern the vibration problem under study. For beams, the free and undamped vibrations 
eigensolutions typically contain the trigonometric functions. In case of the circular plate 
problems; it is seen that the exact solution can be found by Bessel functions. These Bessel 
functions are computationally expensive to handle in numerical simulations. Furthermore, it is 
desired to analyze the vibrations of plate having anisotropic material properties or different 
boundary conditions or discrete mass or stiffness at the boundary, in that situation eigenfunctions 
cannot yield exact solution. This is the reason why Raleigh Ritz method is widely used owing to 
its universality, computational ease and acceptable accuracy. Here, the general procedure of the 
Raleigh Ritz analysis is presented when applied to rectangular plate domain [21]. 
Raleigh-Ritz method helps identify the first few fundamental frequencies of the plate 
with acceptable accuracy. Instead of the eigenfunctions, one would use so called trial functions 
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that satisfy only boundary conditions of the equation of motion. For the plate vibrating freely 
with frequencyω , the assumed form of solution is, 
 ( , ) cosωw W x y t=  (3.54) 
The maximum kinetic energy and the potential energies are given as. 
 
2 2
max
1
ω
2 R
T hW dxdyρ= ∫∫  (3.55) 
 ( )22 2max 1 2(1 )2 xy xx yyRU D W v W W W dxdy
  = ∇ + − −   ∫∫  (3.56) 
Here R  is the plate domain. Since conservative case (no damping) is under consideration, the 
maximum kinetic and potential energies can be compared and the frequency is yielded by 
following expression known as Raleigh’s quotient given as, 
 
( )23 2 2
2
2 2
2(1 )
ω
12 (1 )
xy xx yy
R
R
h W v W W W dxdy
E
v hW dxdyρ
  ∇ + − −   
=
−
∫∫
∫∫
 (3.57) 
To calculate approximate natural frequencies of the plate, the actual solution is assumed to be 
linear combination of the constants and shape functions that satisfy at least the boundary 
conditions of the physical problem. Raleigh’s quotient is extremized as a function of these 
constants. This leads to a system of homogeneous linear equations. Equating the determinant of 
the coefficient matrix to zero, a polynomial equation is obtained in the frequency parameter. 
Solving this, the natural frequencies can be obtained. The associated set of the unknown 
constants for a given frequency gives the mode shapes for that frequency. The important point is 
that the accuracy of so obtained natural frequencies is dependent upon; 1) closeness of shape 
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function to the eigenfunctions, and 2) number of approximation terms. This means that one can 
obtain the desired accuracy of the solution by having the shape function approximation closer to 
the eigenfunctions and/or having more approximation terms. The N  term approximation to 
( , )W x y  is hence given by, 
 
( )
1
( , ) ( , )
N
j
j
j
W x y C x yϕ
=
=∑  (3.58) 
As mentioned earlier, ( , )j x yϕ satisfies the boundary conditions with jC
 
are the constants to be 
determined. Rewriting equation (3.57) after expanding the Laplacian operator, it yields 
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D W W vW W v W dxdy
hW dxdy
ρ
  + + + −   
=
∫∫
∫∫
 (3.59) 
where subscripts denote the partial derivatives to respective variable, given as follows, 
2
2xx
WW
x
∂
=
∂
   
2
2yy
WW
y
∂
=
∂
 and 
2
xy
WW
x y
∂
=
∂ ∂
Substituting equation (3.58) into (3.59), 
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= = = = =
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         
 + + + −        
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 
 
 
∑ ∑ ∑ ∑ ∑∫∫
∑∫∫
  (3.60) 
where, 
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Next equation (3.60) is minimized as the function of the coefficients 1 2, ,..., NC C C . 
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which yields, 
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 (3.62) 
Recalling equation (3.60), the second expression of equation (3.62) can be simplified as, 
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Since 
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∑ , equation (3.63) can be rewritten as follows, 
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The domain is then non-dimensionalized using following transformations, 
xX
a
=
  
yY
a
=
  
0
hH
h
=
 
Hence, equation (3.64) reduces to,
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 (3.65) 
where, a is the characteristic length of the problem, 0h
 
is the thickness as some standard point, 
which is often  taken as the origin and *R
 
is the transformed domain. 
Now, equation (3.65) can be written as , 
 
2
1
( ) 0
N
ij ij j
j
a b Cλ
=
− =∑  (3.66) 
where 
2 2
2 4 12 (1 )va
E
ρ ωλ −=
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*
3 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) 2(1 )i j i j i j i j i jij XX XX YY YY XX YY YY XX XY XY
R
a H v v dXdYϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ= + + + + −∫∫  (3.67) 
and, 
 
*
( ) ( )i j
ij
R
b H dXdYϕ ϕ= ∫∫  (3.68) 
Equation (3.66) is known as generalized eigenvalue problem, that can be solved for 
frequencies and mode shapes for free vibrations problem. It is very important to note that if the 
trial functions are orthogonal to each other, then ijb
 
form a diagonalized matrix. Further, if the 
trial functions are orthonormal, ijb
 
becomes an identity matrix. The important aspect of solving 
such problem is then to generate the approximation functions orthonormal to each other for the 
ease of computation. With this aim, the following sub-section presents fundamental concept of 
orthogonalization, generation of orthogonal functions using Gram-Schmidt orthogonalization 
procedure and finally application of modified orthogonalization scheme to accurately predict the 
natural frequencies of clamped circular plate vibrating in axisymmetric modes.  
3.5.1 Orthogonalization: Concept and Process 
Mathematically, orthogonal systems of vectors are defined as follows. Two vectors x
 
and y  in 
an inner product space nI
 
are called orthogonal if their inner product vanishes. The orthogonality 
in general indicates the perpendicularity of the vectors. A set of vectors { }px , 1, 2,...p n=
 
is 
called an orthogonal set if for any two vectors in the set, the following condition holds. 
 
, 0,           p qx x p q= ≠
 
 (3.69) 
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Similarly, the orthogonal system of function is defined. A set of functions { }( )p xψ  is orthogonal 
with respect to weight function ( )W x on a closed interval [ , ]a b
 
if, 
 
( ), ( ) ( ) ( ) ( ) 0
b
p q p q
a
x x W x x x dxψ ψ ψ ψ= =∫  (3.70) 
for all p q≠ .The orthogonal functions { }( )p xψ can be normalized following, 
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p
p
x
x
x
ψψ
ψ
=  (3.71) 
The orthonormal functions are denoted by ˆ ( )p xψ , and so ˆ ˆ( ), ( )p q ijx xψ ψ δ= . The well 
known process of developing the orthogonal functions is Gram Schmidt process that is discussed 
here. 
Consider the given set of functions ( ),            m 1,2,3....mf x = in[ , ]a b . From that set of 
functions, appropriate orthogonal functions are constructed by using Gram Schmidt 
Orthogonalization process as follows. 
 
1 1
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....................................
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= −
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where, 
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In condensed form, the scheme can be written as , 
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 (3.74) 
This is one of many orthogonalization schemes available in the literature. Similar to this 
procedure, the “Three term recurrence” scheme is also useful in developing the orthogonal 
function set. 
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where, 
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3.5.2 Axisymmetric Vibration of the Circular Plate using Boundary Characteristic 
Orthogonal Polynomials  
In this section, the three term recurrence scheme is used to generate orthonormal polynomials to 
calculate the axisymmetric frequencies i.e., to generate 10 20 30, , ...ω ω ω  and so on. This procedure 
is demonstrated for circular and elliptical plates. The Raleigh coefficient for the circular plate in 
polar coordinates is given as follows. 
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 (3.76) 
With 2 ha
D
ρ
ωΩ = , where a is the radius of the plate under consideration. Note that we are 
considering the shape function of the plate as the function of radius, and we are assuming the 
vibrations to be symmetric with respect to this axis, hence we can expect only 
frequencies 0 , 1, 2,3...m mω = . The first shape function given here is, 
 
2
1 )sr rϕ ( ) = (1−  (3.77) 
where ‘ s ’ is an integer satisfying this shape function for various boundary conditions. For 
example, s =0 for completely free boundary, s =1 for simply supported boundary and s =2 for 
clamped boundary conditions.  
Next shape functions are generated by using recurrence scheme as follows. 
 
2
2 1 1
2
1 1
ˆ( ) ( )
ˆ ˆ( ) ( ) ( ); 2k k k k k
r r b r
r r b r c r k
ϕ ϕ
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 (3.79) 
All above equations use the normalized form of shape function given as follows, 
 57 
 
 
1
2
0
ˆ
                  1, 2,3...ii
i
i i
i
a
a r dr
ϕϕ
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= =
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 (3.80) 
  The recurrence scheme used here is quite accurate in predicting the frequencies; the only 
issue is that it predicts only the axisymmetric modes. With this mathematical foundation, next 
section discusses application of Raleigh Ritz analysis using Boundary Characteristic Orthogonal 
Polynomials (BCOP) to free and forced axisymmetric vibrations of a clamped circular plate. 
3.6 Numerical Simulations  
In this section, the free vibration frequencies of circular plate with different boundary conditions 
and comparison with the values obtained from various references are presented. This will 
demonstrate the validity of the method of Raleigh Ritz analysis with BCOP. To simulate the 
forced vibrations, the Assumed mode analysis is performed. 
3.6.1 Free Vibrations of Circular Plates 
 Here the Raleigh Ritz method is used to obtain the natural frequencies. The Raleigh coefficient 
can be reduced as follows,  
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where iα  and jα  are the coefficients in the approximation of the transverse deflection governed 
by, 
 
1
ˆ( )
N
i i
i
W r α ϕ
=
=∑  (3.83) 
Once the polynomials are found and the eigenvalue problem is solved, the equation (3.83) gives 
the approximate mode shape. The accuracy of the frequency and the mode shape depends upon 
the number of mode approximations taken in order to find the frequency. This procedure was 
implemented in MATLAB utilizing the symbolic math toolbox to generate the polynomials. As 
expected, M matrix is identity, which simplifies the computations to a great extent. Table 3.3 
shows the frequencies calculated by the algorithm with approximation terms 3,5,7,9 and 12, 
comparing it with the exact solutions calculated by the Bessel functions. This demonstrates how 
higher approximation yields the frequency parameter values closer to the eigenvalues. As one 
can observe, the first five frequencies show a good match with the exact frequencies. The exact 
frequencies are taken from [19].  
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Table 3.3: Frequency parameters evolution for clamped circular plates using BCOP for Raleigh 
Ritz analysis 
 
 
 
Frequency 
Parameters 
2 2
2 4 12 (1 )va
E
ρ ωλ −=
Mode approximation polynomials 
Exact[19] 
3 5 7 9 12 
10.2158 10.2158 10.215826 10.2158262 10.2158262 10.2158 
39.9211 39.7712 39.771148 39.7711482 39.7711482 39.771 
109.594 89.2036 89.104168 89.1041440 89.1041440 89.104 
 
 
 
 
 
 
 
169.323 158.244408 158.1842397 158.1842154 158.183 
424.447 253.229350 247.0399693 247.0074591 247.005 
 
 
 
 
 
447.908682 359.0490994 355.8990245 355.568 
1162.808162 539.0475386 496.5296465 483.872 
 
 
 
979.3593958 748.6665722 631.914 
2600.1908417 1378.5826956 799.902 
3685.6706838 987.216 
 
As discussed earlier, the frequency parameters for various boundary conditions can be found by 
a simple change in the starting polynomial. After the mode convergence analysis performed as 
above, a series of numerical simulations were performed to verify the frequency parameters for 
clamped boundary, simply supported boundary and completely free boundary conditions for the 
circular plate of unit radius. The results were then compared to the values given in reference 
[19]. The results are tabulated in Table 3.4 for the first five axisymmetric modes. It is important 
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to know that some of the exact values were rounded up in the reference, which is the reason 
some of the calculated values indicate values lower than the exact values. 
Table 3.4: Frequency parameter values for various boundary conditions for circular plate using 
Raleigh-Ritz analysis 
Mode 
(0,n) 
Clamped Boundary 
Condition 
Simply Supported 
Boundary Condition 
Completely Free 
Boundary Condition 
n Calculated Exact[19] Calculated Exact[19] Calculated Exact[19] 
1 10.2158 10.2158 4.9351 4.977 0.0000 0.00 
2 39.7711 39.7710 29.7200 29.76 9.0689 9.08 
3 89.1041 89.1040 74.1561 74.2 38.5070 38.55 
4 158.1842 158.1830 138.3181 138.84 87.8127 87.80 
5 247.0075 247.0050 222.2219 - 156.8816 157.00 
6 355.8990 355.5680 327.1628 - 246.2847 245.90 
 
3.6.2 Axisymmetric Forced Vibrations of Circular Plate: Assumed Mode Method 
Assumed mode method is in a way similar to the Raleigh Ritz analysis. In both analyses, a 
discrete model is obtained for a continuous system. The fundamental difference, however, is that 
Raleigh Ritz analysis is used to obtain eigenvalue problem- delivering the free vibration 
frequencies and mode shapes. On the other hand, assumed mode method is used to study the 
forced vibrations of the system. The solution of the forced vibration problem is assumed to be a 
series of linear combinations of the admissible spatial functions ( )iW r
 
multiplied with 
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generalized coordinates ( )iT t . So, the solution of the axisymmetric vibrations of circular plates 
can be given as follows, 
 
1
( , ) ( ) ( )
N
i i
i
w r t W r T t
=
=∑  (3.84) 
Substituting equation (3.84) into equation (3.12) yields 
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i i i i
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D W r T t h W r T t f r tρ
= =
′′′′∇ + =∑ ∑   (3.85) 
Before proceeding further, 4∇ operator is expanded as follows. The first term in equation (3.85), 
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 (3.86) 
Recall the coordinate transformations from Cartesian to polar given in Chapter 2 and discussed 
in Appendix B. The insertion of these transformations in equation  (3.86) gives a lengthy 
expression, which can be split in following expressions. 
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Adding , ,A B C
 
and F , the term that is obtained indicates the expansion of operator 4∇ applied 
to axisymmetric case of variable ( )w r . 
 ( ) ( ) ( )2 24 22 1vw w w w wr r
 
′′ ′′ ′ ′∇ = + +  
 (3.88) 
Now the equation of motion is operated with mode ( )jW r  and integrated over the diameter of the 
plate,  
 ( ) ( ) ( )2 22
1 10 0
2 1 ( ) ( ) ( ) ( ) ( ) ( , ) ( )
a an n
i i i i j i i j i j
i i
vD w w w w w r T t h w r w r T t dr f r t w r dr
r r
ρ
= =
 
′′ ′′ ′ ′+ + + =  
∑ ∑∫ ∫ (3.89) 
Since the trial functions iw  and jw  are chosen so as to satisfy the geometrical boundary 
conditions, the entity inside the integral can be simplified using integration by parts technique 
and the intermediate boundary condition terms will vanish due to selection of the trial functions. 
Equation (3.89) then can be re-written as follows. 
 { }
1 1
( ) ( ) ( )
n n
ij j ij j j
j j
m T t k T t t
= =
+ =∑ ∑ Q  (3.90) 
where { }
0
( ) ( , ) ( )
a
jt f r t W r dr= ∫Q . Further simplification yields, 
 [ ] [ ] { }( ) ( ) ( )T t T t t+ =M K Q  (3.91) 
where matrices M and K are given below, 
 [ ] ( ) ( ) ( )2
0
1a
i j i j j i i j
vD w w w w w w w w dr
r r
 
′′ ′′ ′′ ′ ′′ ′ ′ ′= + + +  
∫K  (3.92) 
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 [ ]
0
( ) ( )
a
i jhw r w r drρ= ∫M  (3.93) 
Equation (3.90) simply indicates a series of ordinary differential equations. In this problem, a 
partial differential equation is transformed into a set of ordinary differential equations; 
furthermore, since the trial functions are orthonormalized, here the differential equations of 
generalized coordinates are decoupled from each other. This explains the numerical ease 
obtained with help of orthogonalization of the trial functions. Next, the numerical simulations 
performed are presented using the technique discussed above. For the simulation, the material 
properties and parameters chosen are used as listed in Table 3.5. 
Table 3.5: Simulation parameters for forced vibration analysis of clamped circular plate 
Parameter Value Units 
Plate density- ρ  2700 Kg/m3 
Plate radius- a  0.04445 m 
Young’s Modulus 69X 109 N/m2 
Plate thickness h  0.0008128 m 
Force application radius 0.004445 m 
 
For the numerical simulation of forced vibration analysis, generation of orthogonal polynomials 
and solution of ordinary differential equations was incorporated in the same code. This brought 
computational challenges for the computer under use in terms of memory available for the 
MATLAB package. To get around this issue, the polynomial generation code was modified. 
Instead of calculating mode shape across the diameter, it was changed to calculate mode shape 
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across radius. While instead of mode approximations number to be 10, it was reduced down to 5. 
The mode shapes and temporal coordinates calculated from this method would predict only the 
first two modes with acceptable accuracy. This describes a shortfall of the BCOP method. 
Assumed mode method needs either shape functions close to the eigenmodes or higher mode 
approximations. This is the reason why BCOPs are used mainly to calculate the natural 
frequencies with Raleigh Ritz method, while their application to forced vibration problems is 
limited by memory availability of computer under use. As a part of extensive numerical 
simulations, both modal and temporal coordinates were studied as a function of the forcing 
frequency. As discussed in Chapter 2, the so called beat phenomenon is observed as the forcing 
frequency gets closer to the resonant frequency. For brevity, the first two mode shapes with 
corresponding temporal coordinates are shown at 095% nωΩ = , 1, 2n =  in Figures 3.6 and 3.7 
respectively. 
 
Figure 3.6: Mode shape and temporal coordinate of circular clamped plate under harmonic 
excitation for mode (0,1) 
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Figure 3.7: Mode shape and temporal coordinate of circular clamped plate under harmonic 
excitation for mode (0,2) 
3.7 Comparison between Thin Plate and Membrane Vibrations 
In this section, an important check on the validity of the thin plate theory is performed. In the 
literature [24], it is discussed how thick a plate can be to be qualified at a “thin” plate. The 
governing ratio is a
h
, the ratio of radius of the plate to the thickness of the plate. A plate is 
qualified as a thin plate if 8 80a
h
< < . For the a
h
 
ratios beyond 80, the flexural rigidity of the 
plate is small enough to be ignored and the structure exhibits membrane like behavior. This is 
important because though the eigenfunctions of both plate and membranes are Bessel functions, 
but they are different expressions. Moreover, the frequency equations that yield the fundamental 
frequency of the plate and membrane are fundamentally different. Also, the frequency of the 
membrane is dependent upon the tension at the boundary, while for the plate the frequencies are 
function of material properties, geometry and boundary conditions. The expressions to calculate 
the frequencies of plate and membrane are given as, 
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 (3.95) 
where P
mnf is natural frequency of the plate referring to mn  mode, found with the help of material 
constants, thickness and frequency parameter P
mnλ , which is determined by solving frequency 
equation for the plate with corresponding boundary conditions. Similarly in equation (3.95), M
mnf
 
refers to natural frequency of the membrane for mn . This is calculated with material constants, 
boundary tension T , area of the membrane A  and frequency parameter M
mnλ , derived from 
frequency equation for the membrane with related boundary conditions. For the comparison of 
divergence of membrane frequency calculation from the plate, following procedure was 
followed. For the given material properties, radius of the plate/membrane and thickness, the 
fundamental natural frequencies were made equal by setting the tension parameter in the 
membrane. The process is repeated by starting at ratio 8a
h
=
 to 110. At all the ratios, the first 
natural frequency of the plate and the first natural frequency of the membrane are the same, 
owing to adjustment in tension. The variation of the other modes over the first mode is studied 
and plotted in Figure 3.8 .As seen, the difference between the first and other modes increases 
steadily as the thickness of the plate increases. In this case, the variation of calculation in 
frequencies is considered with variation in the ratio aR
h
= , the results are shown in Figure 3.9. 
As discussed in the beginning of this chapter, for the higher values of ratio R , the plate shows 
more membrane like behavior. This is also verified with Figure 3.10, where the value of flexural 
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rigidity is shown as the function of the ratio R . It is evident that with the higher values of R , 
the flexural rigidity goes fast to the ignorable values. 
 
Figure 3.8: Divergence of modes from mode (0, 1) as a function of thickness 
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Figure 3.9: Divergence of modes from mode (0,1) as a function of ratio R  
 
Figure 3.10: Variation of flexural rigidity of the plate as function of ratio R  
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CHAPTER FOUR: VIBRATION OF THIN PLATE WITH PIEZOELECTRIC 
ACTUATOR 
4.1 Introduction 
This chapter is devoted to study the vibrations of the plate structures with piezoelectric material 
attachment for actuation or sensing. It is important to study this specific problem because of the 
application of piezoelectric materials in vibration control, structural health monitoring, actuation 
at micro and nano scales and identification and characterization of piezoelectric materials. The 
chapter starts with a brief history of piezoelectricity and review of piezoelectric materials. 
Equations of motion of plate with piezoelectric patch are then derived using equilibrium 
approach and verified using Hamilton’s principle. To calculate the natural frequencies of the 
plate with piezoelectric patch, the Raleigh Ritz analysis with orthogonal polynomials is used 
with relevant changes. First, the axisymmetric frequencies are calculated, and then orthogonal 
polynomial scheme producing both axisymmetric and non axisymmetric frequencies is 
discussed. The results of this scheme are verified with the eigenfrequencies of the plate only 
problem. The free vibration problem and forced vibration problem of plate with patch then can 
be solved using Raleigh Ritz analysis and Assumed mode method discussed in Chapter 3. The 
chapter concludes with observations and summary. 
4.2 Piezoelectricity: A Brief History 
The interaction of mechanical, thermal and electric properties of the materials has been an 
important aspect of study since 18th century. One of the first observations of this fact was made 
when the heated crystal of tourmaline got electrified. This effect was extensively studied by 
Brewster in 1824, which led to coining of the term “pyroelectricity”. However, it was 1880 when 
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two French brothers, Pierre and Jacques Curie, noted the interaction between the pressure and 
electrification of the crystals. The term “piezoelectricity” though, was proposed by Hankel, 
deriving from Greek word “piezo” meaning press. The direct piezoelectric effect refers to 
electric polarization under mechanical stress. At the same time, converse piezoelectric effect is 
mechanical stress produced under electric polarization. This discovery was made by Lippmann 
in 1881 and was verified by Curie brothers in the same year [24].  
 At that time, only few materials were known to exhibit direct and/or converse 
piezoelectric effect. These included tourmaline, Rochelle salt and quartz crystal. By the time of 
First World War, piezoelectricity was well understood phenomenon and new piezoelectric 
materials were being discovered. This led to discovery of crystals of BaTiO3 and development of 
Pb(Zr-Ti)O3 more known as PZT piezoelectric ceramic, one of the most used piezoelectric 
ceramics used today. With the advancement in nanotechnology, development of carbon 
nanotubes with piezoelectric properties has been possible. Polymer technology has made its way 
to manufacture fabrics having piezoelectric and pyroelectric properties, PAN (Polyacrylic 
Nitrile) , PVDF (Poly Vinyl Di-Fluoride) are some of the new piezoelectric materials available.  
4.3 Derivation of Equations of Motion of Plate with Piezoelectric Actuator 
In this section, the governing equation of motion for the plate with piezoelectric patch is derived. 
This requires constitutive laws for piezoelectric materials. Once these laws are established, the 
final equation of motion can be derived following two separate approaches; namely, Newtonian 
approach and Hamiltonian approach. The Newtonian (Equilibrium) approach involves 
calculating moments and shear forces and taking the spatial derivatives to arrive at equations of 
motion. Hamiltonian (energy) approach involves calculating kinetic and potential energies of the 
system and using Hamilton’s principle to derive the equations of motion. In this section, the 
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same approach will be followed, after writing down the constitutive laws for piezoelectric and 
plate materials, equations of motion will be derived using both ways and equivalence will be 
established. 
Consider the rectangular plate with length a , width b  and thickness h  (assumed to be 
very small as compared to other dimensions). The plate has a piezoelectric actuator/sensor patch 
at 1x
 
distance along the length and 1y
 
distance along the width. The patch has 2 1x x−  length, 
2 1y y− width and pt  thickness. 
 
Figure 4.1: Rectangular plate with piezoelectric patch 
Following classical plate theory [13], we define the displacement fields in x  and y  directions as 
follows.  
 
w
u z
x
w
v z
y
∂
= −
∂
∂
= −
∂
 (4.1) 
The linear strain displacement relationships can be written. 
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∂ ∂
 (4.2) 
Using the definitions of displacement fields, we let, 
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∂
= −
∂
∂
= −
∂ ∂
 (4.3) 
And finally, from the plane stress equations,  
 
2 2
2 2
1 1
1 1
xx xx yy
yy yy xx
xx xy
E vE
v v
E vE
v v
G
σ ε ε
σ ε ε
σ ε
= +
− −
= +
− −
=
 (4.4) 
All the above equations consider the plate alone, but the case under study has piezoelectric patch 
attached to the plate. Since cross section of the plate is not uniform with addition of piezoelectric 
material, the stress distribution along the thickness is not the same. The neutral plane (plane at 
which the stresses are zero) is not at the mid-thickness of the plate. The plane actually shifts 
towards the piezoelectric patch. This shift can be calculated by balancing the forces and 
moments across the thickness as shown in Figure 4.2. 
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Figure 4.2: Plane XY section of plate with piezoelectric patch demonstrating shift in neutral axis 
The shift of the neutral plane can be calculated as follows, 
  
2 2
2 2
( ) ( ) 0
p
h h
t
n pe n
h h
E z z dz E z z dz
+
−
− + − =∫ ∫  (4.5) 
On simplifying,  
 
( )
2( )
pe p p
n
pe p
E t h t
z
Eh E t
+
=
+
 (4.6) 
where, E  and peE  are the Young’s modulus of elasticity of the plate and piezoelectric patch, 
respectively.Hence, the strain expressions given earlier are updated as  
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 (4.7) 
To update the stress-strain relationships, the stress generated by piezoelectric patch is modeled 
using the constitutive equations for piezoelectric material. The most fundamental equation is 
given as follows, 
 
E
p pq q ip is d Eε σ= +  (4.8) 
 i ip p ij jD d Eσ ξ= +  (4.9) 
where Epqs is elastic compliance matrix, ipd is the vector consisting of piezoelectric charge 
constants and ijξ is the vector containing permittivity constants. Amongst many different 
versions of these equations, following form is most useful when piezoelectric material is used as 
the actuator [24]. 
 
D
q pq p iq ic h Dσ ε= −  (4.10) 
Since we can represent electric displacement iD in terms of electrical field iE  from equation 
(4.9), we can get, 
 75 
 
 
1 1
D
pq iq ij
q p j
iq qi iq qi
c h
E
h d h d
σξ
σ ε
   
= −   
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 (4.11) 
The interrelationships between coupling coefficients can be stated as [38], 
 
1
D
pqE
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iq qi
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h d
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+
 (4.12) 
Similarly, in equation (4.11) the expression multiplying with iE  turns out to be, 
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qi iq
h
e
h d
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+
 (4.13) 
Then equation (4.11) can be simplified as  
 
E
q pq p qj jc e Eσ ε= −  (4.14) 
Also, 
 
E
qj pq qje c d=  (4.15) 
For an isotropic, two dimensional element, matrices Epqc  (elastic stiffness under zero electric 
field)and qje can be written as, 
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Hence, equation (4.14) can be written as follows (with sub script ‘pe’ indicating for the 
piezoelectric material) 
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(4.16) 
This completes deriving the displacement-strain and stress-strain relationships for plate with 
piezoelectric material. From here two paths can be taken, one can either follow equilibrium 
approach or Hamiltonian approach, both approaches yield the same governing equation of 
motion for the system. In this chapter, both approaches will be discussed and equivalence will be 
established. 
4.3.1 Derivation of Equations of Motion with Newtonian Approach 
In the equilibrium approach, the equations of motion are derived using bending moments, given 
by [13]. 
 
2 2 222
2 2 2
y xy yxx M M MMwh
t x y x y y x
ρ ∂ ∂ ∂∂∂ = + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂
 (4.17) 
 
Where, moment applied for the bending of the plate with piezoelectric patch [26] are given by, 
 
2 2
2 2
( ) ( )
p
h h
t
x xx p xx pe n
h h
M b zdz b z z dzσ σ
+
−
= + −∫ ∫  (4.18) 
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( ) ( )xy xy xy pe n
A A
M zdA z z dAσ σ= + −∫∫ ∫∫  (4.20) 
Having defined strain-displacement definitions in (4.7) it is important to note that the moment 
calculations above are done by calculating the stress induced moments at distance z  from the 
neutral axis, which is the geometric center thickness of plate in the area without patch. The area 
where there is patch, the geometric centre shifts upwards by 
n
z  and so the distance from neutral 
axis shifts by ( )
n
z z− . This effect is seen both in plate and patch. For this clarification, detailed 
calculation of xM
 
is shown here; with same approach followed for other moment calculations. 
Mote how xxσ
 
is spread throughout the domain. The corresponding strain definition changes in 
the area where there is a patch, therefore the first term of xM
 
is expanded as follows. 
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(4.21) 
Where [ ][ ]1 2 1 2( , ) ( ) ( ) ( ) ( )S x y H x x H x x H y y H y y= − − − − − − , this function takes care of 
presence of patch on partial plate. (*)H  is a Heaviside function. Equation (4.21) indicates the 
presence of patch in the second term and change in the strain definition. The integration over the 
thickness of the plate yields following constants. 
  
3
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Note that if there was no patch,
n
z and ( , )S x y would vanish, yielding the familiar flexural rigidity 
constant
3
212(1 )
EhD
υ
=
−
. Also, since the flexural rigidity constant is calculated over the entire 
plate area, it is added while calculating the rigidity for the plate-patch area again. In the equation 
above, one can notice the compensation for that with help of 
2
8n
h
z− term. 
Finally for the term with the piezoelectric patch we have, 
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Two more area dependent terms are given, 
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Note this relates to the coupling between the plate and the patch in the region where patch is 
attached to the plate. On further simplification, we get 
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 (4.23) 
Similarly,  
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Calculation of 
xyM
 
takes a bit different treatment than xM  and yM . The reason for this is that 
while calculating the moment forces for xM , the integral dA  transforms into bdz , where b  is 
the width of the plate. Similar transformation happens with yM . In case of xyM
 
however, dA  
can be assumed to be transformed in cdz , where c is a constant dependent on a
 
and b . These 
constants are not observed in usual derivation of plate equations with equilibrium approach since 
the plate dimensions are taken to be unity. It will be shown later that making all these constant 
unity will enable us to match the equations of motion derived with equilibrium approach with 
energy approach. The moment 
xyM  is calculated as follows. 
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Resolving above integral yields, 
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Finally, 
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With the moments generated by the piezoelectric patch, equation of motion for the rectangular 
plate can be derived as follows. 
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Finally, the governing equation for plate with the piezoelectric patch is given by  
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As discussed before, consider the lateral and longitudinal dimensions of the plate to be unity. 
Now the equations of motion displayed above can be simplified further as. 
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(4.30) 
4.3.2 Derivation of Equations of Motion with Hamilton’s Principle 
Derivation of equations of motion using Hamilton’s principle involves calculating potential and 
kinetic energies for the system. To proceed, the total potential energy of the system is written as, 
 [ ]a b
V
PE dVpi pi= +∫∫∫  (4.31) 
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where api is strain energy of the plate, and bpi
 
is the strain energy of the piezoelectric patch, 
defined explicitly as, 
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Consider the volumetric strain energy for 
a
pi denoted by 1I . 
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 (4.33) 
Note that the entire area is divided into two regions, area of the plate and area of the patch. While 
performing integration over the area of the plate, one should consider the area of the plate under 
the patch. For this area, the strain and stress definitions are different because of shifted neutral 
axis, at the same time; the indicator function will be multiplied to show that this integral is only 
valid on patch area and nowhere else. Thus, integral 1I  after expansion of stress-strain 
relationships is given follows. 
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Performing the integral in z  direction, same constant is obtained as the one obtained with 
equilibrium approach, 
 
3
2
1 2( , ) ( , )(1 ) 12 n
E hD x y S x y z h
υ
   
= +   
−    
(4.35) 
Simplification of equation (4.34) yields the strain energy in the plate as, 
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where 
3 2
2(1 ) 12 8n
E h hD z
υ
  
= −  
−   
, Notice the change in the flexural rigidity definition due to 
presence of the patch. The strain energy for the piezoelectric patch bpi  denoted by 2I can be 
given 
2
1 ( ) ( ) ( )
2
p
xx xx pe yy yy pe xy xy pe p
V
I dVσ ε σ ε σ ε = + + ∫∫∫  (4.37) 
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Recall the strain definition in the patch area is different due to shift in neutral plane. 
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Integrating the ( )2nz z−  term yields a constant, similar to constant found with equilibrium 
approach, 
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 (4.40) 
Similarly, the terms containing the piezoelectric constants and voltage functions culminate to a 
time function defined as follows, 
 2
( )( ) [ 2 ]
2(1 )
pe
p n
pe
E V t
B t t h z
υ
= + −
−
 (4.41) 
Simplification of equation (4.39) yields, 
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The volumetric strain energy of plate patch system is given by addition of integrals 1I  and 2I  
 
2 22 2 2 2 2
2 2 2 2
2 22 2 2 2 2
1 2 2 2 2
2 2
2 2
2(1 )
2
1 ( , ) 2(1 )
2
1 ( , )
2
A
A
A
D w w w w wPE dA
x y x y x y
w w w w wD x y dA
x y x y x y
w wD x y
x
υ
υ
       ∂ ∂ ∂ ∂ ∂
 = + − − −      ∂ ∂ ∂ ∂ ∂ ∂         
       ∂ ∂ ∂ ∂ ∂
 + + − − −      ∂ ∂ ∂ ∂ ∂ ∂         
∂ ∂
+
∂
+
∫∫
∫∫
∫∫
( ) ( )
2 22 2 2
2 2 2
2 2
31 32 32 312 2
2(1 )
( , ) ( )
pe
pe pe
A
w w w dA
y x y x y
w wS x y B t d d d d dA
x y
υ
υ υ
        ∂ ∂ ∂  
− − −      ∂ ∂ ∂ ∂ ∂           
  ∂ ∂
+ + + +  ∂ ∂  ∫∫
 (4.43) 
The kinetic energy of the system can be written as follows, 
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 (4.44) 
Alternatively, 
 
21 ( , )
2 A
wKE A x y dA
t
ρ ∂ =  ∂ ∫∫
 (4.45) 
where , ( , ) ( , )pe pA x y h t S x yρ ρ ρ= + . Considering free response of the system, we substitute the 
energy terms in Hamilton’s principle to obtain equations of motion. 
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Taking the variation of all the integrals one by one is a lengthy process. For brevity, only the 
final equations of motion are given here. 
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4.4 Axisymmetric Vibration of Plate with Piezoelectric Patch 
In this section, the boundary characteristic orthogonal polynomials will be used to calculate the 
fundamental frequencies of the plate with piezoelectric patch. It is observed that with help of a 
few assumptions the analysis is greatly simplified and the same one dimensional scheme can be 
used as the one used in the Chapter 3. It will be assumed that the piezoelectric patch is circular in 
shape. A valid assumption of pev v=
 
simplifies the analysis to a great extent. This assumption, 
when inserted in equation (4.47) yields, 
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At first, the axisymmetric vibration case will be considered. The derivation of Raleigh Ritz 
coefficient for axisymmetric vibration of a circular plate was already discussed in Chapter 3. 
Recalling the transformation of spatial derivatives for axisymmetric case,  
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Note that in equation (4.48), term 4D w∇  refers to vibration of plate only and stiffness matrix for 
plate has already been derived in Chapter 3. In this case, there are additional terms due to 
presence of patch. These terms are denoted by ,A B  and C , 
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The transformation from Cartesian to polar coordinates following the transformations given in 
equation (4.49) gives new set of ,A B  and C  as follows. 
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Now, following the assumed mode analysis, ,A B  and C  are multiplied with the orthogonal 
mode jw , and integrated over the radius. Thus, the two dimensional problem has been 
transformed in to one dimensional problem. 
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Operating the 
2 2
2 2,  x y
∂ ∂
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 and 
2
x y
∂
∂ ∂
 operators on jw
 
mode requires one to apply the 
transformation again as was done initially. For brevity this discussion is omitted, addition of 
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,A B andC yields,
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Notice the elimination of θ  variable, and arranging terms further, the stiffness matrix for 
piezoelectric patch is obtained denoted by pK  given by, 
 [ ] ( )1 2 2
0
1a
p i j i j i j j iK D D w w w w w w w w rdr
r r
υ 
′′ ′′ ′ ′ ′ ′′ ′ ′′= + + + +  
∫  (4.54) 
This is similar stiffness matrix that was obtained for the plate problem; notice the presence of 
constants 1D  and 2D  relating the stiffness added by the patch. Note that the indicator function 
still holds true because of the use of the circular piezoelectric actuator. Now the indicator 
function transforms from ( , )S x y to ( ) ( )pS r H r r= − where pr is the radius of the piezoelectric 
actuator patch. Thus, the presence of the piezoelectric patch acts as an added stiffness to the plate 
structure in that area. 
4.4.1 Numerical Simulation: Axisymmetric Plate Vibration with Piezoelectric Patch 
In this subsection, the numerical scheme generating axisymmetric frequencies of the plate with 
piezoelectric patch is verified. In this case, the radius of the patch is taken to be a variable 
responsible to yield different natural frequencies. In Figure 4.3, the effect of increasing radius of 
piezoelectric patch is shown against the first natural frequency of the plate-patch system for 
different radius to thickness ratios 10,40R = and 80 . As seen, increasing the patch radius will 
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result in a stiffer structure with increase in the natural frequency of the system in case plate is 
thick (. 10R = ). However, the addition of mass of the patch balances the added stiffness and 
fundamental frequency of the system takes a dip for thinner plate and membrane like plate. 
Similarly, the increase in frequency is also coupled with the change in mode shapes. As the 
structure gets stiffer, the modal amplitude tends to reduce to certain extant and then rise again. 
The reason for increasing it after 0.5pR R=  is not explored for this study. However, mode 
shapes shift from 0.1...0.4pR R=  is depicted in Figure 4.4. The simulation parameters used for 
axisymmetric vibrations and non-axisymmetric vibrations are listed in Table 4.1. 
Table 4.1: Simulation parameters for vibration analysis of clamped circular plate with 
piezoelectric actuator 
Parameter Value Units 
Plate density ρ  2700 Kg/m3 
Piezoelectric Patch Density peρ  [39] 7500 Kg/m
3
 
Plate radius a  0.04445 m 
Young’s Modulus of plate 69X109 N/m2 
Plate thickness h  0.0008128 m 
Young’s Modulus of piezoelectric 
patch(MFC  M2814 P2) 
15.987X109 N/m2 
Patch thickness pt  0.0003 m 
Poisson’s ratio 0.31 - 
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Figure 4.3: Shift in first natural frequency of the system as piezoelectric patch radius changes. 
 
Figure 4.4: Mode shape change with increasing piezoelectric patch radius for axisymmetric case 
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4.4.2 Numerical Simulation of Force Vibrations under piezoelectric Excitation: 
Axisymmetric Case 
Recall the equation of motion in equation (4.48), now denoting the right hand side of this 
equation as F  we have,  
 ( ) ( )2 231 32 32 312 2( )[ ] ( , ) ( )[ ] ( , )pe peF B t d v d S x y B t d v d S x yx y
∂ ∂
= − + − +
∂ ∂
 (4.55) 
Multiplying equation (4.55) with an orthogonal mode jw  and integrating over the radius results 
in, 
 31
0
( ) (1
a
j
j
w
F B t d w rdr
r
υ
′ 
′′= − − ) + 
 
∫  (4.56) 
The numerical simulations for forced vibration were coded along with the code for polynomials 
generation and frequency calculation. To solve the differential equation involving generalized 
coordinates, ODE45 routine from MATLAB was used. The first mode shape at various forcing 
frequencies closer to first resonant frequency is plotted in Figure 4.5. 
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Figure 4.5: First mode of plate with piezoelectric patch under piezoelectric excitation 
4.5 Non-axisymmetric Vibration of Plate with Piezoelectric Patch 
To fully describe the vibration problem of the plate, it is also important to study the non-
axisymmetric vibrations of plates. Many times, the piezoelectric actuator patches are not circular 
in shape; this requires study of the non-axisymmetric vibrations. The eigen-solution of equations 
of motion for the plate alone are Bessel functions. However, the same solutions are not 
eigensolution for the plate with patch system. Although, they can be used as admissible functions 
in assumed mode method, it is observed that it requires high computational power in numerical 
simulation. As a remedy to this, the development of orthogonal polynomials for use in Raleigh 
Ritz method was already discussed in Chapter 3. In this section, the orthogonal polynomial 
recurrence scheme for the two dimensional domain will be derived and applied for circular plate 
vibrations. This will yield the frequencies related to both axisymmetric and non-axisymmetric 
plate vibrations. Extension of this analysis will be done for the patch area and frequencies of 
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plate with the piezoelectric patch will be determined. 
4.5.1 Orthogonal Polynomials Generation for Two Dimensional Problem 
Three term recurrence relation that was used for the polynomial generation in single variable is 
modified to use the same equation in multivariable. These polynomials are called “boundary 
characteristic” because the depending on the domain and the boundary conditions, the 
polynomials can be generated. The equation of motion can be formulated in the rectangular 
coordinates, yet the frequencies of circular, elliptical, triangular or trapezoidal plates can be 
found. This is the most important advantage of using these polynomials. Following discussion is 
for the development of orthogonal polynomials in two variables for any boundary conditions and 
geometric domain. 
Consider the linearly independent function set as given below. 
 ( , ) ( , ) ( , ); 1,2,3...i iF x y g x y f x y i= =  (4.57) 
where, ( , )g x y is the function that satisfies the essential boundary conditions and ( , )if x y are 
suitably chosen linearly independent functions. The definition of the inner product of the 
functions is given as follows. 
 
, ( , ) ( , ) ( , )
R
p q x y p x y q x y dxdyψ= ∫∫  (4.58) 
where ( , )x yψ is the chosen weight function for the problem at hand. The 2L norm of the function 
is given as below. 
 
1
2( , ) , ( , ) ( , ) ( , )
R
p x y p p x y p x y p x y dxdyψ= = ∫∫  (4.59) 
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The Gram Schmidt procedure in two dimensional problems is given as follows, 
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Normalization of the polynomials can be performed using equation (4.62) given as, 
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iϕϕ
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 (4.61) 
4.5.2 Domain Transformation of Specific Problem 
As discussed before, the scheme can be applied to various geometries. The domain 
transformation is applied so as to produce the frequency of the circular plate. Assume domain D  
occupied by the ellipse (in general) is defined by [21], 
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 (4.62) 
In case of circle, a b=
 
and the domain definition is changed to  
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Consider variable u  defined as, 
 
2 2
2 21 ;0 1
x y
u u
a b
 
= − − ≤ ≤ 
 
 (4.64) 
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Thus, 0u = would give the boundary of the elliptic/circular domain, while 1u =
 
would indicate 
the center. Also, constantu =
 
describes concentric ellipses/circles. For the generation of BCOP 
similar to the one dimensional case, the shape function is given by,  
 
2 2
2 2( , ) 1
s
s x yg x y u
a b
 
= = − − 
 
 (4.65) 
Where , 2s = , ( , ) 0g x y = and 0g
n
∂
=
∂
on D∂ for the clamped boundary, 1s = , ( , ) 0g x y = on 
D∂ for the simply supported boundary and 0s = , ( , ) 1g x y =  on D∂ for the completely free 
boundary condition. 
4.5.3 Generation of the Function Set “ ( , )if x y ” 
For accurate calculation of the frequencies, the generation of the aforesaid linearly independent 
set ( , )iF f x y= . Liew [27] describes the procedure of generating this set. Define variable  
 1r m = −   (4.66) 
where *  
 
defines the greatest integer function. Now,  
 
2( 1)t m r= − −  (4.67) 
If t
 
is even then,  
 
;0
2
( , ) r si
t
s s r
f x y x y
= ≤ ≤
=
 (4.68) 
If t
 
is odd then, 
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1
;0 1
2
( , ) s ri
t
s s r
f x y x y
−
= ≤ ≤ −
=
 (4.69) 
This scheme is helpful in generating the polynomials in the series desired. ( , )if x y set for few of 
the entries is given as follows, 
 { }2 2 2 2 2 21, , , , , , , , ...x y xy x y x y xy x y  (4.70) 
Alternatively, one can also use the scheme as given by [28]. Their scheme involves generating 
function set as per the nodes on the grid shown in Figure 4.6. 
 
Figure 4.6: Grid generation scheme for finding function set ( , )if x y  
The coordinates of each point correspond to the indices m and n for the function set given below. 
The alphabets indicate the order in which the coordinates are selected to generate the function set 
defined as follows. 
 
( ) ( )( , ) ;
{0,1,0,2,1,0,3, 2,1,0,4,3, 2...}
{0,0,1,0,1, 2,0,1, 2,3,0,1, 2,3...}
m i n i
if x y x y
m
n
=
=
=
 (4.71) 
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The generated function set is then given by 2 2 3 2 2 3{1, , , , , , , , , ...}x y x xy y x x y xy y . 
4.5.4 Generating Orthogonal Polynomial Set for the Circular Plate Modes 
This particular scheme is discussed by [21] which describe a general scheme to generate the 
orthogonal polynomials giving frequencies for symmetric-symmetric, symmetric-asymmetric, 
asymmetric-symmetric and asymmetric-asymmetric modes of circular plate. The first polynomial 
is taken as follows, 
 
(1)
1 1 1( , )F g x y fϕ = =  (4.72) 
Here, as discussed before, ( , )g x y is the function satisfying the essential boundary conditions. To 
help better visualization, the polynomials are written in pyramid like fashion. The subscript of 
the trial function represents the index of the polynomial, while the superscript shows the class 
index; 1 being at the pinnacle of the pyramid and increasing towards the base of the pyramid. 
The starting function 1f  dictates the frequency generated by the following algorithm. 
(1)
1ϕ  
(2)
2ϕ  (2)3ϕ  
(3)
4ϕ  (3)5ϕ  (3)6ϕ  
(4)
7ϕ  (4)8ϕ  (4)9ϕ  (4)10ϕ  
1. Symmetric-Symmetric Mode: 1 1f =  
2. Symmetric-Antisymmetric Mode: 1f X=  
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3. Antisymmetric-Symmetric Mode: 1f Y=  
4. Antisymmetric-Antisymmetric Mode: 1f XY=  
Continuing building of the polynomials, the class 2 polynomials are calculated as follows, 
 
(2) 2 (1) (1)
2 2 1 21 1
(2) 2 (1) (1) (2)
3 3 1 31 1 32 2
2 (1) (1) 2 (1) (1) 2 (1) (2)
1 1 1 1 1 2
21 31 32(1) (1) (1) (1) (2) (2)
1 1 1 1 2 2
, , ,
; ;
, , ,
F x
F y
x y y
ϕ ϕ α ϕ
ϕ ϕ α ϕ α ϕ
ϕ ϕ ϕ ϕ ϕ ϕ
α α α
ϕ ϕ ϕ ϕ ϕ ϕ
= = −
= = − −
= = =
 (4.73) 
Extending the scheme to next classes, the general expression that produces orthogonal 
polynomials can be written. Also, it is observed that class j
 
will have j  number of polynomials 
that can be generated by the recurrence scheme written as follows.  
 
{ } { }
{ }
2
2
1
2 ( 1)
( 1)
5 8
2( )
1
2 ( 1)
5 8
2
; ( 1),...( 1)
; ; 2,3,...
i
j
ik ki j
j jk
j
i i i
j
ik ki j
j jk
x F i l j l
F
y F i l j n
ϕ α
ϕ
ϕ α
−
−
− −
− +
=
−
−
−
− +
=
 
− = − − − 
  
= =  
 
− = =
 
  
∑
∑
 (4.74) 
where the orthogonality coefficients are given by, 
 
{ } { }
{ } { }
2 ( 1)
( 1)
2 ( 1) 2
,
; ( 1),...( 1)
,
, 5 8
; ; ...( 1)
, 2
j
ki j
k k
ik j
ki j
k k
x F
i l j l
F F
y F j ji l k i
F F
ϕ
α
ϕ
−
− −
−
−
 
 = − − −
  
=  
 
− +
= = − 
  
 (4.75) 
Using above recurrence scheme for circular plate problem, a MATLAB code was written to yield 
the frequencies. The orthogonal polynomials were constructed using the Symbolic Math 
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Toolbox. The code written could at most handle 13 mode shapes for the calculation of the 
fundamental frequency. Taking initial functions 1 1f =
 
and 1f x=
 
is sufficient to calculate all the 
frequencies of interest. At the same time, it is necessary to know the number of mode 
approximations required for the accurate prediction of the frequencies. In the charts displayed 
below, one can observe the convergence of the first two modes and in a different chart, the 
convergence of 3rd to 6th modes. 
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Figure 4.7: Mode convergence exhibited by 2 dimensional BCOP Raleigh Ritz analyses for 
circular clamped plate 
It is evident from Figure 4.7 that the orthogonal polynomials work well for the circular plate 
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vibrations to the desired accuracy. Six mode approximations are enough for first two frequencies 
and 12 mode approximations are enough to estimate the first 5 frequencies. Furthermore, to 
calculate the frequencies for other boundary conditions, small change is required in the first 
polynomial and frequencies are easily found. In Table 4.2, first few frequencies of clamped, 
simply supported and free boundary conditions for circular plate have been shown and compared  
Table 4.2: Frequency parameters 
2 2
2 4 12 (1 ) mn
mn
v
a
E
ρ ωλ −=  using Raleigh Ritz method with two 
dimensional orthogonal polynomials and comparison with exact values from literature [28]  
Frequency 
Parameter 
Clamped Boundary 
Simply Supported 
Boundary 
Free Boundary 
Raleigh 
Ritz 
Exact 
Raleigh 
Ritz 
Exact 
Raleigh 
Ritz 
Exact 
2
10λ  10.2158 10.2158 4.93515 4.977 0 0 
2
11λ  21.2604 21.26 13.8982 13.94 0 0 
2
12λ  34.8774 34.88 25.6161 25.65 5.26204 5.253 
2
20λ  39.7725 39.771 29.7311 29.76 9.06913 9.084 
2
13λ  51.032 51.04 39.973 N/A 12.2441 12.23 
2
21λ  60.8346 60.82 48.5252 48.51 20.5177 20.52 
 
Examining the values in the Table 4.2, it can be seen that two dimensional orthogonal 
polynomial recurrence scheme calculates the frequencies with reasonable accuracy. As stated in 
the reference [19], it takes more mode approximations to estimate simply supported and free 
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boundary natural frequencies, small errors can be seen in between the exact and estimated 
values. It is also worth mentioning that the frequency parameter values for free boundary case 
were calculated using υ = 0.33 , while for the other boundary conditions, υ = 0.3 . This was done 
to match the values of frequency parameters found in the [19]. 
4.6: Raleigh Ritz Analysis for Circular Plate with the Piezoelectric Patch: Free 
Vibrations  
In this section, we derive the generalized mass and stiffness matrices for the combined plate-
patch system. Recall the equation of motion derived for the plate with patch,  
 
2 2 2 2 2 2
4
1 22 2 2 2 2 2
2 2 2 2 2
1 22 2 2 2 2
2 2 2
1 2
( , ) ( , ) ( , )
( , ) ( , )
(1 ) ( , ) (1 ) ( , )
pe
pe
pe
w w w w wA x y D w D x y D x y
t x x y x y
w w w wD x y D x y
y y x y x
w wD x y D x y
x y x y
ρ υ υ
υ υ
υ υ
    ∂ ∂ ∂ ∂ ∂ ∂
+ ∇ + + + +    ∂ ∂ ∂ ∂ ∂ ∂    
    ∂ ∂ ∂ ∂ ∂
+ + + +    ∂ ∂ ∂ ∂ ∂    
∂ ∂ ∂
+ − + −
∂ ∂ ∂ ∂
( ) ( )2 231 32 32 312 2( )[ ] ( , ) ( )[ ] ( , )pe pe
x y
B t d d S x y B t d d S x y
x y
υ υ
 
 ∂ ∂ 
∂ ∂
= − + − +
∂ ∂
 (4.76) 
Equation (4.76) is the most general governing equation for the plate-patch system. Hence, 
equation of motion of plate with unimorph and bimorph configurations can be derived from 
above equation very easily. For instance, in the unimorph configuration, equation of motion will 
not contain indicator function ( , )S x y , since it covers entire surface of the plate. Also, in case of 
bimorph configuration 0
n
z = , thus further simplifying the governing equation. So in all, the 
equation given above is the most general case of plate-patch systems. As discussed before, taking 
pev v=  will simplify some of the terms in equation. Furthermore, 32 0d =  for the piezoelectric 
patch used. Thus, the revised equations of motion can be written as follows. 
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{ }
{ }
{ }
( ) ( )
2 2 2 2
4
1 22 2 2 2
2 2 2
1 22 2 2
2 2
1 2
2 2
31 312 2
( , ) ( , ) ( , )
( , ) ( , )
(1 ) ( , ) ( , )
( )[ ] ( , ) ( )[ ] ( , )
w w wA x y D w D x y D x y
t x x y
w wD x y D x y
y y x
wD x y D x y
x y x y
B t d S x y B t d S x y
x y
ρ υ
υ
υ
υ
  ∂ ∂ ∂ ∂
+ ∇ + + +  ∂ ∂ ∂ ∂  
  ∂ ∂ ∂
+ + +  ∂ ∂ ∂  
 ∂ ∂
+ − + ∂ ∂ ∂ ∂ 
∂ ∂
= − −
∂ ∂
 (4.77) 
To solve the equations of motion, the assumed mode method will be utilized. As per this method, 
the complete solution describing vibrations is assumed to be a linear combination of spatial and 
temporal functions. The spatial functions are so chosen to at least satisfy the geometric boundary 
conditions.  
 
1
( , , ) ( ) ( , )
N
i i
i
W x y t t x yη ϕ
=
=∑  (4.78) 
 
{ }
{ }
4
1 1
2
1
1 22
1
2
1 22
1
( , ) ( ) ( , ) ( ) ( , )
( ) ( , )
( , ) ( , )
( ) ( , )
( , ) ( , ) ( ) ( , )
N N
i i i i
i i
N
xx
i i
i
N
yy
i i
i
N
yy
i i
i
A x y t x y D t x y
t x y
D x y D x y
x
t x y
D x y D x y t x y
y
ρ η ϕ η ϕ
η ϕ
υ η ϕ
η ϕ
= =
=
=
=
 
+ ∇  
 
   
   ∂    + +
  ∂  
 +       
∂  
+ +  ∂  
∑ ∑
∑
∑
∑

{ }
( ) ( )
1
2
1 2
1
2 2
31 312 2
( ) ( , )
(1 ) ( , ) ( , ) ( ) ( , )
( )[ ] ( , ) ( )[ ] ( , )
N
xx
i i
i
N
xy
i i
i
t x y
D x y D x y t x y
x y
B t d S x y B t d S x y
x y
υ η ϕ
υ η ϕ
υ
=
=
   
+       
 ∂  
+ − +   ∂ ∂   
∂ ∂
= − −
∂ ∂
∑
∑
 (4.79) 
Considering the free vibration case, the terms on the right hand side of equation (4.79) vanishes. 
 104 
 
{ }
{ }
4
1 1
2
1
1 22
1
2
1 22
1
( , ) ( ) ( , ) ( ) ( , )
( ) ( , )
( , ) ( , )
( ) ( , )
( , ) ( , ) ( ) ( , )
N N
i i i i
i i
N
xx
i i
i
N
yy
i i
i
N
yy
i i
i
A x y t x y D t x y
t x y
D x y D x y
x
t x y
D x y D x y t x y
y
ρ η ϕ η ϕ
η ϕ
υ η ϕ
η ϕ
= =
=
=
=
 
+ ∇  
 
   
   ∂    + +
  ∂  
 +       
∂  
+ +  ∂  
∑ ∑
∑
∑
∑

{ }
1
2
1 2
1
( ) ( , )
(1 ) ( , ) ( , ) ( ) ( , )
0
N
xx
i i
i
N
xy
i i
i
t x y
D x y D x y t x y
x y
υ η ϕ
υ η ϕ
=
=
   
+       
 ∂  
+ − +   ∂ ∂   
=
∑
∑
 (4.80) 
Now, both the sides of equation (4.80) are multiplied with orthogonal mode jϕ
 
and integrated 
over domain R as 
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∑
 (4.81) 
Following the usual procedure, the mass and stiffness matrices are summarized as follows. 
 
*
ij i j pe p i j
R R
M h dxdy t dxdyρ ϕ ϕ ρ ϕ ϕ= +∫∫ ∫∫  (4.82) 
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{ } { }*
1 2
1 2 1 2
( ) 2(1 )
( )
( ) (1 )( )
xx xx yy yy xx yy yy xx xy xy
ij i j i j i j i j i j
R
xx yy xx
i i j
yy xx yy xy xy
R i i j i j
K D v dxdy
D D
dxdy
D D D D
ϕ ϕ ϕ ϕ υ ϕ ϕ ϕ ϕ ϕ ϕ
ϕ υϕ ϕ
ϕ υϕ ϕ υ ϕ ϕ
= + + + + −
 + + + 
+  
+ + + + −  
∫∫
∫∫
 (4.83) 
where R indicates the domain covered by the plate and *R indicates the domain covered by the 
piezoelectric patch.  
 [ ] [ ] 0η η+ =M K  (4.84) 
This is the same eigenvalue problem discussed in present chapter and in Chapter 3. The solution 
of equation (4.84) delivers the fundamental natural frequencies and the mode shapes.  
4.6.1 Forced Vibration of the Plate with Piezoelectric Actuator 
The starting point is equation (4.80), where free vibration was considered as a special case. Now 
considering the forced vibration case, multiplying the trial function jϕ
 
with the forcing function 
and integrating over the domain yields, 
 { }
*
31( ) ( ) xx yyj j
R
Q t B t d v dxdyϕ ϕ= − +∫∫  (4.85) 
where ( )B t is the input voltage function related to the piezoelectric material properties and the 
capacitance. Substituting equation (4.85) into (4.84) yields, 
 [ ] [ ] { }Q(t)η η+ =M K  (4.86) 
Equation (4.86) is an ordinary differential equation; this equation can be solved with relative 
ease. Using assumed mode method this partial differential equation is transformed into an 
ordinary differential equation. This problem can be easily solved using numerical packages such 
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as MATLAB. Also note that mass matrix can be made identity matrix, making the numerical 
process even more efficient and easy. 
4.6.2 Numerical Simulation of Vibration of Plate with Piezoelectric Actuator 
As discussed before, this method can be applied for only piezoelectric actuators circular in shape. 
This is because the same polynomial is used to estimate mode shape and frequency of both 
actuator and the plate. For cases where the actuator is of different shape, one can consider the 
effective area of the actuator and compare with equivalent circular actuator. This can be done 
because in numerical simulations, the mode shape of the plate did not exhibit much change due 
to presence of patch. Also, the frequency shift due to increased stiffness of the patch does not 
depend upon the shape of the patch. Here, the increase in frequency of the plate is shown with 
change in the radius of the patch in Figure 4.8. 
 
Figure 4.8: Shift in first natural frequency of the system as piezoelectric patch radius changes 
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Similarly, the numerical simulations of forced vibration were done. Using the simulation 
parameters used in Table 4.1, the mode shapes calculated under various excitation frequencies 
were plotted in Figure 4.9. 
 
Figure 4.9: Mode shape of the plate under forced excitation from the piezoelectric patch at 
various excitation frequencies 
The natural frequency of any system depends upon equivalent mass and stiffness of the system. 
Figure 4.8 demonstrates the increase in frequency as a result of increase in radius of the 
piezoelectric patch which adds stiffness to the plate. It is important to note that the ratio of 
thickness between piezoelectric patch and also affects the actuation behavior. As observed by 
[29] the maximum deflection of the plate patch system has an optimal point as the ratio of plate 
with patch is varied. This concludes the numerical verification of vibration of plate excited by 
piezoelectric patch excitation. 
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CHAPTER FIVE: EXPERIMENTAL ANALYSIS OF PLATE VIBRATIONS 
5.1. Experimental Set up for Vibration of Circular Plate 
Vibrations of circular plates were discussed in detail in Chapter 3. It was mentioned that the 
validity of the thin plate theory depends upon the ratio of the radius and the thickness of the 
plate. When selecting thickness of the plate, the radius is limited by the ratio. Also, the cost 
consideration of the test setup limits the maximum radius of the plate. For the experimental 
vibration analysis of the circular clamped plate, a cylindrical fixture was made to secure the plate 
under study as shown in Figure 5.1. The set up consists of two annular plates, the top plate being 
1 inch thick and the bottom plate 3 inch thick. The top plate consists of 6 holes to accommodate 
bolts that hold down top plate with the bottom plate and create a clamped boundary for the plate 
under observation. As shown in Figure 5.1, recesses are given for the electrical connections for 
piezoelectric actuator and sensor. With this arrangement, a plate of 3.5 inch diameter (88.9 mm) 
can be excited with either the piezoelectric patch attached to its center or with an inertial 
actuator.  
 109 
 
.  
Figure 5.1: Cylindrical fixture designed to experimentally study vibration of clamped circular 
plate 
For plate vibration experiments, plates with following material properties, listed in Table 5.1 
were taken into consideration. 
Table 5.1: Plate stock information 
Plate identification Material Thickness (inches) 
Plate A Brass alloy 260 0.05 
Plate B Aluminum 1100 0.032 
Plate C Aluminum 1100 0.05 
Plate D Aluminum 1100 0.024 
Plate E Aluminum 1100 0.010 
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5.2 Experimental Analysis of Forced Vibration of Circular Clamped Plates 
 In case of circular plate clamped at the boundary, it is convenient to use piezoelectric inertial 
actuator, with the bandwidth of about 800-5000 Hz. The measurements and data acquisition was 
done with use of MSA400 laser vibrometer. This system is primarily used for measuring 
vibrations of MEMS and NEMS systems with help of laser interferometry. The system consists 
of a high speed digital signal processor, microscopic scanning head and the vibrometer 
controller. The acquisition setup is shown in Figure 5.2. The signal generator generates the chirp 
signals for the piezoelectric inertial actuator; this signal is amplified with help of series 790 PCB 
power amplifier. This amplified signal actuates the plate. The vibrations of plate are read by the 
laser beam emitting from the scanning head and processed to produce the FFT of the plate 
vibration signal. The FFT is the output of the software which then can be converted into ASCII 
file format for further processing. The software also has the capability of producing the video 
clips of the mode shapes generated from the signal. It is worth noting that the actual use of MSA 
400 is in vibration measurement of MEMS structures, it was used for the plate simply because 
ability to make non-contact measurements without adding additional stiffness to the plate and 
non measurable boundary forces. 
5.2.1 Circular Plates with Partially Clamped Boundary 
While developing the solution for plate vibration problem, it was assumed that the boundary of 
the plate is clamped allowing no transverse displacement and rotation. In reality, the assumption 
does not hold true. The stiffness of the clamping components, though high, still affects the 
displacements at the boundary, and for this reason, the natural frequencies obtained 
experimentally do not match with the analytical values. For this, the boundary of the plate must 
be modeled as a elastic boundary, comprising of springs that restrict transverse and rotational 
 111 
 
displacements. The exact solutions of this problem are reported by Leissa (1969) [19] without 
any numerical results. Azimi (1987) [30] discusses in length the receptance method to calculate 
the circular plate frequencies with elastically restrained boundary. In this case, the numerical 
scheme developed by Kim and Dickinson (1990) [32] was used owing to its universality to 
annular and circular plates and numerical ease.  
 
Figure 5.2: MSA 400 Laser vibrometer with experimental fixture reading plate vibrations. 
The numerical scheme that discusses the natural frequency calculation for annular plates will be 
discussed at length with numerical simulations in Section 5.3. Same numerical scheme can be 
used for circular plates, allowing the ratio of inner radius to outer radius approach zero, the plate 
behavior approaches to that of a circular plate. Using the suitable admissible function, the natural 
frequencies of plate then can be calculated. Consider an annular plate supported elastically with 
translational springs ak  at outer boundary and bk  at inner boundary, and rotational springs as at 
outer boundary and bs  at inner boundary as shown in Figure 5.3.  
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Figure 5.3: Annular plate supported by translational and rotational springs at inner and outer 
boundary. 
The maximum potential energy of such system is given by, 
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Resulting stiffness matrix of the system is given by, 
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∫ . The of admissible functions ( )i rϕ  are given by, 
 
1( ) ( ) ( 1) ii r r c r rα βϕ −= − −  (4.89) 
The values of α  and β  depend upon the boundary conditions at inner and outer boundaries. The 
use of this scheme here is to calculate the natural frequencies of the circular plates. This can be 
done by setting ratio 0c  . In case of circular plate, there are no elastic restrains on the inner 
boundary, 0b bk s= = , also it is assumed that 0as = . By varying the variable aK , various 
frequency parameters can be calculated. In Figure 5.4, aK is varied from very high value to close 
to zero value. This corresponds to clamped boundary condition and simply supported boundary 
condition at ends. It can be seen that frequency parameter value varies from clamped boundary 
condition (frequency parameter of 10.2158) to simply supported boundary (frequency parameter 
of 4.9352).  
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Figure 5.4: Frequency parameter shift from clamped boundary condition to simply supported 
boundary condition as boundary stiffness decreases 
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5.2.2 Forced Vibration of Circular Clamped Plates with Piezoelectric Inertial Actuator: 
Experiments 
 
Figure 5.5: PCB 712 A01 Inertial actuator with inertial mass and accelerometer (Jalili (2004) 
[33]) 
As discussed in Chapter 4, the piezoelectric materials are used in many engineering applications. 
One of these applications includes use of such materials in inertial actuators. In Figure 5.5, PCB 
712 A01 inertial actuator is shown with inertial mass and accelerometer to measure the 
vibrations. These piezoelectric inertial actuators are useful in applying point harmonic loads 
attached to structures. The load intensity is dependent upon imparted voltage and inertial mass. 
The frequency response of PCB 712 A01 actuator when attached to 20 kilograms of structure is 
depicted in Figure 5.6 (taken from PCB712 A01 manual) 
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Figure 5.6: Frequency response of PCB712A01 when attached to 20Kg of structure ground and 
100 gm of inertial mass. (PCB 712 A01 Manual) 
From Figure 5.6, it is evident that for excitation of the clamped plate, the useful range of 
frequencies is 800-5000 Hz. The advantage of this actuator is that it can be connected with the 
structures without having to connect it to ground on the opposite end. Because of this, such 
actuators are widely used in aerospace applications. 
 In most vibration experiments, the structure under investigation goes through base excitation or 
the boundary of the structure is excited. In this particular case, the inertial actuator is attached to 
the structure. For cases where the actuator attached to the structure is comparable in size or mass, 
the dynamics of structure have to be taken into consideration when analyzing the vibration. The 
PCB 712A01 actuator with the inertial mass weigh about 175 gr, while the circular plate of 3.5 
inch diameter made up of stock PLATE C, weighs about 21 gr. This clearly demonstrates that the 
actuator dynamics cannot be ignored in the case considered. As indicated earlier, work done by 
Jalili and Knowles (2004) [33]  and Olgac and Jalili (1998) [34] , discusses use of piezoelectric 
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inertial actuators for to use in vibration control application. In these works, detailed model of 
Euler Bernoulli beam was developed with inertial actuators and inertial actuator parameters were 
model fitted experimentally. The model presented in Jalili (1998) [34] is a generic model, which 
can be applied to a general problem of two inertial actuators mounted on flexible structure. The 
complete model of plate with inertial actuator can be developed as an extension to the current 
problem, though not discussed in this thesis. 
5.2.3 Forced Vibration of Circular Clamped Plates with Piezoelectric Patch 
Due to recent advances in composites and fibers, researchers have been able to manufacture 
piezoelectric materials in the form of the films. In the specific patch that was used to excite the 
plate, piezoceramic rods are sandwiched between layers of electrode polyamide film and 
adhesive. The commercial name for such actuators is macro fiber composite (MFC). These 
actuators offer high actuation forces with flexibility. These actuators are designed for producing 
piezoelectric actuation in direction of electric field ( 33d  effect) and also perpendicular to the 
direction of the electric field ( 31d  effect). To excite the bending vibrations of circular plate, one 
requires generating strain in the plane of the plate, thus actuator used was of 31d  effect type. The 
specifications of the particular film actuator are given in Table 5.2. 
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Table 5.2: Specifications of M2814P2 micro fiber composite piezoelectric actuator [37] 
Actuator Property Value Unit 
31d  -1700 pC/N 
Young’s Modulus 15.987 GPa 
Poisson’s Ratio 0.31 - 
 
Notice that since Poisson’s ratio of PZT patch is close enough to the material to be actuated, the 
assumption of peυ υ=  is valid and the model of plate with piezoelectric patch holds true. 
The forced vibration analysis was discussed in detail in Chapter 4. For the experimental 
validation of the circular plates, a single piezoelectric patch (MFC M2814 P2) is attached at the 
centre of the plate. The excitation voltage given is 10 V (upper limit of DAQ channels). Since 
the MSA 400 reads vibration at a point, vibration experiment was repeated at four different 
locations on the same plate with same set up. The frequency response in one of such tests is 
shown in Figure 5.7. In Table 5.3, the fundamental frequencies identified in all the four tests are 
tabulated. 
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Figure 5.7: Frequency response of the plate excited with piezoelectric actuators 
Table 5.3: Fundamental frequencies of plate identified over four tests 
Mode Test 1 Test 2 Test 3  Test 4 Average 
Analytical 
Values 
(Hz) 
(1,0) 569 577 586 592 581 1077.92 
(1,1) 1609 1610 1620 1621 1615 2243.50 
(1,2) 2872 2903 2919 2912 2901.5 3680.71 
(2,0) 3153 3171 3174 3185 3170.75 4196.83 
(1,3)   3295 3312 3327 3311.33 5385.99 
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It can be observed here that the actual frequencies of the plate calculated by the analytical 
solution differ from these values by great amount. The reason for this is partially clamped 
boundary condition. At the start of the section, discussion about the frequency parameters under 
elastically restrained boundary condition was given. It is worth noting that the effect of elastic 
restrain on different mode is different, meaning if stiffness of the boundary is calculated using 
observed first natural frequency and analytical first natural frequency, the same stiffness value 
will not yield the observed second natural frequency close to analytically calculated second 
natural frequency. This phenomenon is presented in Table 5.4. 
Table 5.4: Elastically restrained boundary affecting different modes differently 
Mode 
Analytical 
Frequency 
Parameters 
mnλ  
Experimental 
Frequency 
Parameters 
mnλ  
Stiffness 
Value 
aK  
(1,0) 10.2158 6.3018 1.3 
(1,1) 21.2604 17.5170 5.7 
(1,2) 34.88 31.4710 13.2 
(2,0) 39.771 34.3914 7.2 
(1,3) 51.04 35.9162 ------- 
 
As observed from Table 5.4, there is not one single value of stiffness at the boundary that will 
match with the experimental results. Also, the clamped boundary condition is generated with six 
bolts, which does not exert uniform pressure at the boundary of the plate. Overtightening of the 
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bolt causes residual stresses at the boundary which are completely unaccounted for. These 
stresses might not be dominant in case the plate radius is large enough. This would require 
completely different experimental fixture. It was not possible to manufacture a new experimental 
fixture because of time and cost constrains. For this reason, vibration of annular plates was taken 
into consideration to get around experimental issues. 
5.3 Experimental Analysis of Forced Vibration of Circular Annular Plates 
As an extension to the plate analysis, the case of annular plates was also considered. This 
particular case is of interest because in many engineering applications, the circular plates are 
supported at the centre, which have to be modeled as annular plates. The vibration study of 
annular plates is done by various researchers over the decades. Leissa (1969) [19] mentions the 
some of the natural frequencies of annular plates calculated from solution of frequency 
equations. The approximate natural frequencies of the annular plates are given by many authors 
including Vogel and Skinner (1965) [35] and Narita (1984) [36]. The extension of analysis to the 
orthotropic plates with thickness variation is given excellently by Kim and Dickinson (1990) 
[31]. The present numerical simulations borrow much from their work. Chakraverty (2007) [21] 
also discusses natural frequencies of annular plates in detail with two dimensional boundary 
characteristic orthogonal polynomials. Due to memory limitation of the computer used for 
numerical analysis, scheme given by Chakraverty (2007) [21] was not followed.  
 Consider the circular annular plate having inner radius b  and outer radius a , the 
maximum potential energy of the plate in polar coordinates is given by, 
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The maximum kinetic energy is given by, 
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The Raleigh Ritz minimization procedure is already discussed in detail in Chapter 3 and Chapter 
4. After minimization, the stiffness and mass matrices can be given by, 
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Also, n is the number of nodal diameters, allowing one to calculate all the natural frequencies of 
the annular circular plate. Note in Chapter 3, similar approach was followed but only 
axisymmetric frequencies could be found out. In equation (4.93), the trial functions iϕ  are 
chosen so as to satisfy the geometrical boundary conditions of the particular problem chosen. 
The recurrence scheme used to calculate the frequencies is similar to the one used to calculate 
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the axisymmetric vibration of circular plate. According to this scheme, the polynomials are 
generated by following equation.  
 1 1( ) ( ) ( ) ( ); 0,1, 2....k k k k kr r B r C r kϕ ϕ ϕ+ −= − − =  (4.94) 
Where,  
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The starting function 1ϕ  is chosen to satisfy the geometric boundary condition. The starting 
function is given as the linear combination of variable r  and ratio of inner radius to outer radius 
defined as bc
a
=  .  
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a rϕ −
=
=∑  (4.96) 
The selection of coefficients ja  is done according to the boundary conditions of the problem; 
refer to Table 5.5 wherein coefficients for some boundary conditions of interest are given. 
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Table 5.5: Coefficients of the starting function 1ϕ for annular plates 
Boundary 
Conditions (inner-
outer) 
Coefficients 
1a  2a  3a  4a  5a  
Clamped-Free ( )2 26 8 3c c c− +  ( )24 3 3c c c− +  6  4−  1 
Free-Clamped ( )23 8 6c c− +  ( )24 1 3 3c c− − +  26c  4c−  1 
 
Here Clamped-Free refers to the boundary conditions where inner boundary of the plate is 
clamped and outer boundary is free. Similarly, Free-Clamped refers to the boundary conditions 
in which the outer boundary is clamped and inner boundary is free. This particular boundary is 
chosen because as the ratio c  diminishes, the natural frequencies of such plate converge towards 
the frequencies of clamped circular plate at the boundary. This scheme was numerically 
implemented in MATLAB software package. It was observed that 7 mode approximations were 
sufficient to calculate first two frequencies for each number of nodal circle n . In extensive 
numerical simulations, the frequencies generated with this code was compared and verified with 
the values from various references. Table 5.6 summarizes the numerical verification of the some 
of the natural frequencies of the annular plate.  
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Table 5.6: Frequency parameters for annular plate in clamped-free condition with 
0.1c = compared with different sources 
Source 
Mode of Vibration 
(0,0) (1,0) (2,0) (3,0) (0,1) (1,1) (2,1) 
Present 4.23782 3.48011 5.6253 12.45100 25.26700 27.6832 36.9572 
Kim & Dickinson[31] 4.2378 3.4801 5.6253 12.451 25.267 27.683 36.957 
Vogel and Skinner[35] 4.23 3.14 5.62 12.4 25.3 27.3 37 
 
Table 5.6 indicates excellent match of the frequency parameters calculated with the scheme with 
the known references. Next, the experimental results are compared with the analytical results and 
discussed.  
5.3.1 Annular Plate Forced Vibration with SA 5 Electromagnetic Actuator 
The annular plates taken for vibration study were subjected to clamped boundary at the inner 
radius and free boundary condition at the outer radius. The actuator used to clamp the plate in 
allowing these boundary conditions and impart harmonic load was SA 5 electromagnetic inertial 
actuator. Electromagnetic inertial actuators are similar to piezoelectric actuators in a way that 
both of them deploy the same principle of dynamics but are different in the way force is 
generated. Also, electromagnetic actuators have smaller bandwidth of operation than the 
piezoelectric inertial actuators. A SA5 electromagnetic inertial actuator was used to apply 
harmonic point load in case of annular circular plates. The shortfall of these actuators is the 
limited bandwidth. For example, the aforesaid SA5 actuator has a bandwidth of 20-1000 Hz. In 
Figure 5.8, the actuator is shown with plate mounted on the axis of force application .This 
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actuator was used to observe vibration modes of the annular plate. Note that since the force is 
applied at the boundary, it is similar to base excitation given to a cantilever beam. Because of 
this, the actuator dynamics can be ignored while doing the numerical analysis.  
 
Figure 5.8: SA5 electromagnetic inertial actuator with annular circular plate 
In the Table 5.7, the plates tested with the help of SA 5 electromagnetic inertial actuator are 
enlisted for reference. 
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Table 5.7: Annular plates used for experimental analysis with SA 5 
Annular Plate 
identification 
Outer Radius 
a (mm) 
Thickness( inches) aR
h
=  
b
c
a
=  
Plate Al_01 20 0.01 78.74 0.25 
Plate Al_02 45 0.025 70.86 0.1111 
Plate Al_03 48 0.05 37.79 0.1046 
Plate Al_04 50 0.024 61.51 0.1 
 
The inner radius of all the plates was 5 mm. All the plates were excited using a periodic chirp 
signal in 20-1000 Hz bandwidth. The frequency response of the plate Al_02 is plotted in Figure 
5.9. As discussed before, the output of MSA 400 can be exported to Microsoft Excel®. Thus it 
becomes very convenient to process the data related to plate vibration. In Table 5.6, the 
experimental results are compared with the calculated frequencies. 
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Figure 5.9: Plate Al_02 response under periodic chirp signal 
Table 5.8 Comparison of Experimental values with the calculated frequencies Plate Al_02 
Plate mode Analytical Frequency Experimental 
Frequency 
Absolute 
Percentage Error 
(1,1) 291.012 250.01 14% 
(1,0) 347.598 321.5 7.61% 
(1,2) 457.4291 405.1 11.43% 
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From Table 5.8, it can be seen that first free frequencies of annular plate are within 15 % error. 
Furthermore, it can be seen that the lowest frequency is not the (1, 0) mode frequency, contrary 
to circular plate. Even in the frequency response, the (1, 1) mode frequency comes first and then 
(1, 0) mode frequency is seen with higher amplitude. Note that (1, 0) mode frequency shows 
minimum error as compared to the (1, 1) and (1, 2) mode frequencies. The summary of various 
experiments performed on various plates is tabulated in Table 5.9. It can be observed that the 
absolute error in case of plates with less thickness is small as compared to the plates with high 
thickness. The reason for this is the effectiveness of the clamped boundary condition decreases 
as the thickness rises; another reason is non-availability of exact material properties. 
Table 5.9: Annular plates experimental results compared with analytical values 
Plate 
Identification 
Thickness 
h (inch) 
Fundamental 
frequency( 
Analytical Value 
Hz) 
Experimentally 
Observed 
Frequency (Hz) 
Absolute 
Percentage 
Error 
Plate_AL_01 0.01 950.814357 905 4.8184335 
Plate_AL_02 0.025 347.598705 321 7.65213 
Plate_AL_03 0.05 603.559018 503 16.661008 
Plate_AL_04 0.032 353.420613 301 14.832359 
5.3.2 Annular Plate Forced Vibration with PZT Actuator 
To actuate the annular plate with the piezoelectric actuator, the arrangement made is shown in 
Figure 5.10. Three piezoelectric actuator patches (MFC M2814 P2) were glued to the surface of 
the annular plate 120 degrees apart. All three were synchronously supplied electrical supply to 
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make sure that plate is excited by all actuators at the same time. In Chapter 4, the analytical 
model was developed for circular plate having piezoelectric patch actuator. The same model can 
be applied to the annular plate. In extensive numerical simulations, the shift in natural frequency 
of the annular plate is plotted in Figure 5.11 for reference. It can be seen that the stiffness of the 
plate rises as the actuator patch radius increases.  
 
Figure 5.10: Annular plate excited with piezoelectric actuators 
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Figure 5.11: Annular plate frequency shift with increase in PZT patch radius 
It is worth noting that Figure 5.11 indicates the stiffness addition to the plate structure when the 
actuator assumes the annular shape with indicated radius. Since, annular shaped piezoelectric 
actuators are not available as a standard component and need to be specially manufactured, the 
analytical values of frequency cannot be used for comparision with experimental studies here. In 
expeirments done with excitation from the electromagnetic actuator, same frequencies are 
yielded as yielded by the piezoelectric patch actuators. The study performed in Figure 5.11 is to 
be regarded as a simple numerical analysis. For the experimental verification of forced vibration 
of plates with piezoelectric patches, the vibration frequencies of only plates were taken into 
consideration. In other words, the actuator dynamics were ignored. The response of the annular 
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plate under chirp excitation from three piezoelectric actuators covering band width of 100-
5000Hz is plotted in Figure 5.12.  
 
Figure 5.12: Frequency response of the annular plate excited with piezoelectric actuators 
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Table 5.10: Annular plates experimental results excited with PZT actuators 
Plate mode Analytical 
Frequency 
Experimental 
Frequency 
Absolute Percentage 
Error 
(1,1) 201.342 194.6 3.35% 
(1,0) 157.488 132.5 15.87% 
(1,2) 272.28 218.01 19.93% 
 
Table 5.10 shows comparison of results from experiment to values calculated analytically. It can 
be seen that the values show good agreement with the first two modes, the values from third 
mode start diverging because at higher modes, the stiffness added by the piezoelectric actuators 
start distorting the frequencies and the analytical estimation of frequencies is not very accurate. 
For the purpose of this study however, these results are deemed acceptable. 
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CHAPTER SIX: CONCLUSIONS AND SCOPE FOR FUTURE WORK 
Conclusions 
In an attempt to study vibrations of two dimensional structures, first the membrane structures 
were considered. The general treatment of 2D vibration problem was presented. A very simple 
case of circular membrane with symmetric force and symmetric boundary condition was 
considered. In reality, the membranes are neither of uniform material properties nor can the 
tension be assured uniform. Also, the experimental validation poses difficulties because of the 
need to know the value of the boundary tension. The purpose of the chapter was to present the 
concepts like Hamilton’s Principle, technique of separation of variables, Bessel functions.  
Next, the vibration of two dimensional structures having flexural rigidity was considered. 
Fundamental equations of motions were derived using Hamilton’s principle. The general solution 
procedure for free vibration of circular plates was derived with related boundary conditions. It 
was shown that the vibration of the circular plates can be conveniently explained in form of 
Bessel functions. In case of the forced vibration, the treatment of Bessel function with Henkel 
Transforms is similar to treatment of trigonometric functions with Fourier Transforms. Using 
this method, an attempt was made to have an approximate closed form analytical solution of the 
forced vibration of circular plate subjected to simply supported boundary condition. This also 
explained the complexity of the solution in closed form and motivated to use Raleigh Ritz 
analysis. An important concept of orthogonal functions was introduced then, using this concept, 
it was shown that the eigenmodes of plates, which are Bessel functions can be approximated by 
polynomials generated with help of recurrence schemes and orthogonality conditions. These 
polynomials ease the computational difficulties greatly. Finally, a very important distinction 
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between the thin plate and membrane structures was made, along with supporting numerical 
simulations.  
Modeling of piezoelectric materials is an important aspect in MEMS and 
nanotechnological applications. In many engineering applications, piezoelectric actuators are 
used, but the model for electro-mechanical interaction is not fully derived. Since piezoelectric 
actuator induces extra stiffness, the plate frequencies show higher frequency than the calculated 
one in case piezoelectric actuator/sensor is not modeled. In this chapter, an attempt was made to 
model the piezoelectric patch as an actuator with application to two dimensional vibration 
problems. The equations of motion were derived using both equilibrium and Hamiltonian 
approach. The simplified axisymmetric vibration problem was solved using modified boundary 
characteristic orthogonal polynomials in one dimension. Then, recurrence scheme for such 
polynomials in two dimensions was introduced with numerical verification, and same was 
applied to non-axisymmetric plate vibration problem with and without patch. Next chapter is 
dedicated to experimental verification of vibration of plates. With a brief survey on work done in 
experimental vibration study over the years, vibration of membranes, vibration of plates and 
vibration of plates actuated by piezoelectric actuators will be discussed. 
Finally, the discussion about the experimental analysis of circular plates was done. After 
reviewing work done on the plate vibration, a simple experimental fixture was designed and 
manufactured to study vibration of clamped circular plate. A brief introduction about various 
actuators was given. Since in actual experiments, the clamped boundary condition is seldom 
realized, plate model with elastic restrains was developed. It was observed that excitation of plate 
with inertial actuator requires some more modeling and simulation. The excitation of plate with 
piezoelectric actuators yielded poor match with the values calculated analytically. The reason for 
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this was less clamping bolts and small radius of plate. Since it was not possible to manufacture a 
new fixture, the vibration of annular plates was considered. This eliminated the need of new 
fixture and plates could be excited with SA 5 electromagnetic actuator. Since the radius of the 
plate was not bounded as in case of the clamped plate case, larger plates could be used, bringing 
down the fundamental frequencies and enabling observation of higher modes within small 
excitation bandwidth. The annular plate experiments yielded fundamental frequency match 
within 5% and the agreement of second and third mode was within 20%. With this discussion, 
this chapter is concluded. 
Scope for future work 
There are still open directions to continue the research work; some of them are enlisted here. 
• More detailed piezoelectric modeling, considering orthotropy or anisotropy of the 
plate/patch system. 
• Solution of equations of motion of plate/patch system using FEA and cross-verification. 
• Study of the non-axisymmetric vibration case of annular plates with piezoelectric patches 
using boundary characteristic orthogonal polynomials. 
• Formulation of vibrations control law for active vibration control of the plate. 
• Through more detailed modeling of the piezoelectric patch, determination of 
piezoelectric coefficients. 
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APPENDIX A: EQUATIONS OF MOTION FOR RECTANGULAR 
MEMBRANE 
Derivation of equation of motion continues from equation (2.5)  of Chapter 2. 
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Variations in (A.2) can be evaluated separately by integration by parts as follows, 
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1 2 2
t t
t A A t
w wI dAdt dtdA
t t
ρ ρδ δ∂ ∂   = =   ∂ ∂   ∫ ∫∫ ∫∫ ∫
 
Performing integration by parts on above integral, we finally get, 
 
2
2
1
1
1
t
t
t
A t
w wI w wdt dA
t t t
ρ δ δ
 ∂ ∂ ∂ 
= −  ∂ ∂ ∂   
∫∫ ∫  (A.3) 
Since the variation vanishes at the known initial and final time, the integral reduces to, 
 
2
1
2
1 2
t
t A
wI dAdt
t
ρ ∂= −
∂∫ ∫∫
 (A.4) 
Now the second integral in (A.2) shall be simplified. 
2
1
22
2 2
t
t A
T w wI dAdt
x y
δ
  ∂ ∂ 
= +   ∂ ∂    
∫ ∫∫   
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Consider first term of this integral as follows, 
( )
2 2
1 1
2
3 2
t t
t A t A
T w wI dAdt T w dAdt
x x x
δ δ∂ ∂ ∂ = = ∂ ∂ ∂ ∫ ∫∫ ∫ ∫∫
 
 
1
1
3
t
x
t C A
w wI T wl dC wdA dt
x x x
δ δ ∂ ∂ ∂ = −  ∂ ∂ ∂  ∫ ∫ ∫∫
 (A.5) 
Similarly, the second term in I2 can be simplified as follows. 
( )
2 2
1 1
2
4 2
t t
t A t A
T w wI dAdt T w dAdt
y y y
δ δ ∂ ∂ ∂= = ∂ ∂ ∂ ∫ ∫∫ ∫ ∫∫
 
 
1
1
4
t
y
t C A
w wI T wl dC wdA dt
y y y
δ δ  ∂ ∂ ∂= −  ∂ ∂ ∂  ∫ ∫ ∫∫
 (A.6) 
Finally, the performing the variation over the external work we obtain, 
 
2 2
1 1
5
t t
t A t A
I PwdAdt P wdAdtδ δ= =∫ ∫∫ ∫ ∫∫  (A.7) 
Putting all above integrals back in the Hamilton’s principle,  
 
2 2
1 1
2 2 2
2 2 2 0
t t
x y
t A t C
w w w w wT T P wdA dt T l l wdC dt
x y t x y
ρ δ δ      ∂ ∂ ∂ ∂ ∂− + + − + + =      ∂ ∂ ∂ ∂ ∂     ∫ ∫∫ ∫ ∫
(A.8) 
Above equation holds true only if the integrand of both the integral vanishes. Again, as the 
variation is arbitrary over the functional except at the boundary, the multiplying term have to be 
zero; equation of motion is given as, 
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2 2 2
2 2 2
w w wT P
x y t
ρ ∂ ∂ ∂+ + = ∂ ∂ ∂ 
 (A.9) 
Boundary conditions are given as, 
 0x y
C
w wT l l wdC
x y
δ ∂ ∂+ = ∂ ∂ ∫
 (A.10) 
That defines the motion of the rectangular membrane with all the boundary conditions 
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APPENDIX B: DOMAIN TRANSFORMATION FROM RECTANULAR TO 
CIRCULAR FOR MEMBRANE 
Define the transformation as given below. 
 
cos
sin
x r
y r
θ
θ
=
=
 (B.1) 
In the light of this transformation, the deflections and strain definitions change as follows, the 
new deflections are written as given below. 
 
1
cos sin
1
sin cos
w w w
x r r
w w w
y r r
θ θ
θ
θ θ
θ
∂ ∂ ∂
= −
∂ ∂ ∂
∂ ∂ ∂
= +
∂ ∂ ∂
 (B.2) 
Following the chain rule of differentiation, the second derivatives are written as follows. 
 
2 2 2 2 2 2
2
2 2 2 2 2
2 2 2 2 2 2
2
2 2 2 2 2
sin 2 sin sin 2 sin
cos
sin 2 cos sin 2 cos
sin
w w w w w w
x r r r r r r r
w w w w w w
y r r r r r r r
θ θ θ θθ
θ θ θ
θ θ θ θθ
θ θ θ
∂ ∂ ∂ ∂ ∂ ∂
= − + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂
= + + − +
∂ ∂ ∂ ∂ ∂ ∂ ∂
 (B.3) 
 Thus the Laplacian operator can be written as follows, 
 
2 2 2 2
2
2 2 2 2 2
1 1w w w w w
w
x y r r r r θ
∂ ∂ ∂ ∂ ∂∇ = + = + +
∂ ∂ ∂ ∂ ∂
 (B.4) 
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